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PHUONG TRINH HAM QUA CAC KI
THI OLIMPIC TOAN

Phan 1. PAT VAN PE
1.Ly do chon dé tai

Céc bai toan phuong trinh ham 13 mot phan quan trong caa chuyén
nganh toan dai sb va giai tich va 1a mot mang kho trong chuong trinh toan
THPT chuyén. Chinh vi thé trong céc ki thi hoc sinh gioi qudc gia, thi
Olympic Toan quéc té va khu vuc, nhiing bai toan vé phuong trinh ham
thuong hay duoc dé cap va thuong duoc xem 1a nhitng dang toan kha, doi
hoi tu duy va kha nang phan doan cao va thudc vao nhitng cau phén IOaI
cua ki thi. Cac em hoc sinh bac Trung hoc pho thong thuong gap mot sé
kho khan khi tiép can cac dang toan lién quan dén phwong trinh ham, dic
biét 1a k¥ ning ung dung mdt so dang todn vé phuong trinh ham vao viéc
giai bai tap. Nhitng hoc sinh méi bat dau 1am quen phuong trinh ham
thuong chua hiéu tuong tan tu tudng cling nhu phuong phap tiép can bai
toan, dac biét 1a khau van dung kién thiic da biét ciing nhu gia thiét cua
bai to4n vao giai toan trong nhiing tinh huéng khac nhau. Bé hiéu va van
dung tot mot sé phuong phép giai todn vé phuong trinh ham va van dung
kién thirc kién thirc da biét va gia thiét bai toan vao giai toan thi thong
thuong hoc sinh phai ¢ kién thiic nén tang tt vé dai so, so hoc, to hop
tuong dbi day du va chic chan trén tat ca cac linh vyuc cia cac nganh toan
nay. Viéc nhan ra nhitng tinh chat dic biét cia ham s can tim 1a diéu rat
quan trong tr d6 dinh hudng cho céng viéc tim nghiém cua chdng ta. b6
la mot kho khan rét 16n dbi vai gido vién va hoc sinh khi giang day va
hoc tap phan phuong trinh ham.

Trong cac dang todn vé phuong trinh ham thi dang toan vé phuong
trinh ham Cauchy, phuong trinh ham c6 sir dung tinh chét sé hoc, phuong
trinh ham st dung tinh chét song anh, toan anh va don anh, bat phuong
trinh ham ... xuat hién rat nhiéu trong cac ki thi hoc sinh gioi. Cac bai
toan vé phuong trinh ham trong cac ki thi hoc sinh gioi thuong khéa hay
va dac sic, thé hién kha ning sang tao cua hoc sinh. Qua cach giai cac bai
toan vé phuong trinh ham cho chiing ta dénh gia kha tbt vé tu duy ciing
nhu kha ning ciia cac em hoc sinh. Tuy nhién kho khan 16n nhat cua giéo
vién khi day phan nay 1a 1am sao dé hoc sinh hang thi hoc va bat dau loi
giai bai toan nhu thé ndo, xuat phat tir dau, do d6 van dé dat ra la can
trang bi cho cac em nhitng kién thirc gi? Can bat dau tr nhitng bai toan
nao? Can phan dang cac bai tap vé phuong trinh ham va nhitng dau hiéu
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ctia cac bai toan nhu thé ndo thi dung cac kién thirc toan twong tng? V6i
tat ca nhimg kho khin va thuan loi trén ching t6i chon dé tai “phuong
trinh ham qua cac ki thi olimpic toan” dé trao ddi va dua ra mot sé dang
bai tap dic trung dé gop phan thuc day viéc hoc tap va giang dang phan
mon phuong trinh ham trong trudng pho théng chuyén toan.

2.Muc dich nghién curu

Pé tai “phuong trinh ham qua cac ki thi olimpic todn” dugc chon
dé giai thiéu véi cac thay cd gido va cac em hoc sinh nhiing kinh nghiém
cuia chdng t6i khi giang day chu dé& phuong trinh ham trong chuwong trinh
THPT chuyén, va dong thoi théng qua dé tai nay chdng téi muén nhan
manh tdm quan trong cta cac bai toan phuong trinh ham xuat hién trong
cac ki thi Quéc té, khu vuc va Olympic qudc gia cia mot sé nuédc. Céc
bai to4n phuong trinh ham thudng 1a nhitng bai tap khé dbi véi hoc sinh
cling nhu viéc phan tich loi giai, dinh huéng céc giai cho hoc sinh, cac
bai tap chung t6i dua ra déu 1a cac dé thi Olympic Qudc té, khu vuc va
mot s6 nudc co truyén thong vé toan, trong cac bai tap nay ching toi co
phan tich dau hiéu caa bai toan ma co thé st dung nhitng ndi dung kién
thire ndo dé giai quyét ching.

Thong qua dé tai “phuong trinh ham qua cac ki thi olimpic ton”
chung t6i ciing rat mong muén nhan dugc gop ¥ trao doi cua cac ban
ddéng nghiép, cac bac cha me hoc sinh va cac em hoc sinh. Ching toi
mong muén dé tai nay gop mot phan nho dé viéc day phan phuong trinh
ham c¢6 hiéu qua nhat va gitp cac em hoc sinh c6 kha nang van dung mot
s6 dang toan vé phuong trinh ham vao giai cac bai toan phuong trinh ham
trong cac ki thi mot cach tét nhat.

3. Nhiém vu nghién cau

Pé dap ng yéu cau veé viéc hoc tap va nghién cau cho hoc sinh
trong ba nam hoc lién tiép: 2013-2014, 2014-2015, 2015-2016, g6p phan
nang cao sb luong va chat luong HSG mén toan tai cac ky thi: HSG vong
tinh, HSG trai hé Hung Vuong, HSG ddng bang duyén hai bac bo, HSG
QG lop 12.

4. P6i twong va khach thé nghién ciru

Péi twong nghién ctu cua dé tai 1a hoc sinh cac 16p chuyén Toan
11, 12; ddi tuyén ghép thi chon HSG 16p 12 vong tinh, d6i tuyén HSG
tham du ky thi chon HSG QG Iép 12 mén Toan hoc. Ngoai ra con co thé
la tai liéu tham khao cho hoc sinh, gido vién va phu huynh hoc sinh cé
nhu cau tim hiéu vé phuong trinh ham.



toan).

5. Pham vi nghién ciru

- V& kién thuc: nghién ctu dwa trén cac noi dung kién thic toan
cta phan moén dai s6 va giai tich trong gidi han thi hoc sinh gioi caa B
Giao duc va bao tao.

- V& dbi tuong: dé tai nghién ctu dya trén kha ning nhan thtc
cling nhu nang luc tu duy cta hoc sinh cac I6p chuyén toan 10, 11 va chu
yéu 1a hoc sinh nong cét trong doi tuyén hoc sinh gisi tinh du thi quéc
gia.

6. Phuong phap nghién ciru

Trong chuyén dé “phuong trinh ham qua cac ki thi olimpic toan”
st dung cac phuong phap nghién ctru chu yeu sau:

- Phuong phéap nghién ctu Ii ludn: Nghién cau cac tai liu chuyén vé
phu:0’ng trinh ham két hop véi cac tai liéu lién quan dén dai so, giai tich,
day sb, ... va Céc tap chi trong va ngoai nudc; tai liéu tir Internet...

- Phu’O‘ng phép trao doi, toa dam (vai gido vién, hoc sinh cac 1op chuyén

- Phuong phap tong két kinh nghiém.
7. Céu triic ciia chuyén dé

Chuyén dé ngoai cac phan danh muc viét tat, muc luc, tai liéu tham
khao thi chuyén dé bao gém 3 phan chinh nhu sau:

Phan 1. Pt van dé
Phan 2. Noi dung
Phan 3. Két luan va kién nghi



Phan 2. NOI DUNG

PHUONG TRINH HAM QUA CAC KI THI
OLIMPIC TOAN

1. PHUONG TRINH HAM CAUCHY

Trong Ki thi hoc sinh gioi qubc gia nam 2016 (bai sb 5, ngay thi thi 2)
Xuat hién bai toan vé phuong trinh ham nhu sau:

(VMO 2016) Tim tat ca c4c s6 thuc a dé ton tai ham s f :R — R thoa
man:

a) f(1)=2016;

b) f(x+y+f(y))=f(x)+ay véi moi x,yeR.

Pay 1a mot bai toan rat hay vé phuong trinh ham. Dé giai quyét bai
toan nay hoc sinh can nam chac céc kién thic vé phuong trinh ham
Cauchy, tinh chat lién quan dén phuong trinh ham Cauchy, ham s6 toan
anh va don anh ciing nhu viéc nhan ra nhiing tinh chat dac biét caa ham
s6 da cho. Qua tim hiéu ki ndi dung bai toan nay ching tdi nhan thay bai
toan c6 noi dung tuong tu bai toan thi Bulgaria TST 2003, Iran TST
2007, AMM 2000va xuat hién trong ki thi chon doi tuyén toan qudc té
cta Viét Nam nam 2004. Chung s& bat dau tir bai toan sau.

1. (Bulgaria TST 2003, Iran TST 2007, AMM 2000) Tim tat ca cac ham
s6 f:R— R thoa man diéu kién f (x2 +y+f (y)) =2y+ f (x)2 X, yeR.
Phan tich loi giai
Thay x =0 vao phuong trinh da cho ta duoc f(y+f(y))=2y+f(0) =
f 1a mot toan anh suy ra ton tai sé a sao cho f(a)=0.Dit b= f(0). Tu
phuong trinh ban dau thay x bai —x ta duoc
f (x2 +y+f (y))z 2y + f (—x)2 X, yeR= f (x)2 =f (—x)2 ,VxeR (1).
Tu (1) va f(a)=0= f(-a)=0.

Thay x=0 vao phuong trinh da cho ta duoc f(y+f(y))=2y+ f (0,
vyeR (2).

Trong (2) ta lan luot thay y=a va y=-a ta duoc:
f(a+f(a))=2a+b*=0=2a+b’



f (—a+ f (—a))=—2a+b2 —0=-2a+b?

Tir hai dang thirc trén ta dugc a=b=0.
Do dé f(x)=0<x=0 (3).
Huwong thiz nhat

, f(x)°
bé sirdung (3) tasé thay y=— (ZX) vao phuong trinh da cho ta duoc:

f[x2 f(x)2+f[f(x)zﬁ0@X2L}<)2+f£ﬂj0 vxeR (4)
2 2 2 2 ’

(diéu nay co dugc la do (3)).

7 _f(y) ‘
beé st dung (4), ta sé thay y boi —% vao phuong trinh ban dau ta thu

duoc:

f[x2 f(2y)2 + f { f (Zy)zn_z[%y)z}r f (X)Z,VX,yER

=N f(xz—yz)z f(x)z—f(y)Z,VX,yeR (5).

Ta s& st dung (5) dé suy ra ham sé nay cong tinh. That vay, thay y=0
vao (5) ta duoc: f(x*)=f(x)’,vxeR (6).

Tu (5) va (6) ta duoc f(xz—yz): f(xz)—f(yz),vX,yeR suy ra
f(x—y)=f(x)—f(y),vx,y=0 (7). Tir (7) thay x=0 ta duoc
f(-y)=—f(y),vy>0= f laham s I&.Sir dung ding thirc (7) ta duoc:
Néu x>0,y>0taco: f(x)="f(x+y-y)=f(x+y)-f(y)=
f(x+y)="f(x)+f(y)

Néu x>0,y <0 ta co:
f(x+y)=f(x+(=y))=F ()= (=y)=F(x)+ F(y)

= F(x+y)=f(x)+f(y).

Néu x<0,y <0 taco: f(x +y)——f(—x—y):—(f((—x)+(—y))):
~(F(=)+(=y)) =T (X)+ F(y) = f (x+y)=F(x)+ T (y).

T céc truong hop trén, két hop véi f(0)=0 ta dugc:
f(x+y)=f(x)+f(y),vxyeR (8).




Tir (6) ta dugc f (x)>0 véi moi x>0. Tir day xét
x2y=>x-y20= f(x-y)=0= f(x)>f(y). Do do
x2y=f(x)=>f(y) (9).
Tu (8) va (9) ta dugc f(x)=kx,¥xeR, trong d6 k hang sb.
Thur lai vao phuong trinh ban dau ta dugc
k(X* +y+ky)=2y+k’x*,vx,y e R
e ke +(K? +k)y =2y +k’x*, vx,y e R
K =k? A
<:>{ , < k=1.Vay f(x)=x,vxeR.
ke+k=2
Huwong ther hal

Véi f(0)=0 taco
f(x*)=f(x)" vxeR
f(y+f(y))=2y.VyeR (10)
Thay y boi y+ f(y) vao (10) ta dugc:
f(y+f(y)+f(y+f(y))):z(y+f(y)),Vye]R
< f(By+f(y))=2(y+f(y)).vyeR (11).
Mit khac ta viét
2 2
< f(By+1f(y))= f((\/ﬁ) +y+f (y)j=2y+ i (\/ﬂ) vy >0
Kéthop véi (1) ta duge < f(2y) =2f(y), vy >0
< f(2y)=2f(y), Vy=0 (12).
Tiép theo ta chitng minh f 1a ham s6 lé. That vay, véi mdi x e R, dat
2y =f(x*)= f (x)*. Khi d6
0=-2y+ f (x)2 = f (x2 +(-y)+ f (—y)):>(—y)+ f(-y)=-x°
= f(=x*)=f((-y)+ f(-y))=-2y=—F(x*)= f(-x*)=—F(x*),vxeR
= f lahamso &, T (12) suy ra f(2y)=2f(y),vyeR (13).
Taco f(y+f(y))=2y,vyeR
= f(y+f(y ) =4y? VyeR

= f((y+1(y)

=4y’ VyeR

\—/



= f(y2+2yf (y)+f (y)z):4y2,Vye]R (14).
Chiyvéi y>0= f(y)>0=yf(y)=0, voi
y<0= f(y)=—f(-y)<0=yf(y)>0.Dod6 yf(y)>0,vyeR, kéthop
voi (14) ta duogc:
2 2 2 2 2 2
4y :f(( 2yf(y)) +y +f(y )szy +f( 2yf(y)) vy eR
= 4y?=2y"+ f (2yf (y)), Wy eR
=2y’ = f(2yf (y)),VyeR, két hop véi (13) ta duoc:
y?=f(yf(y)).vyeR (15).
Str dung (15) tathay y boi x+ f (x) thu dugc:
(x+f (x))2 = f (((x+ f(x))f(x+f (x)))): f ((x+ i (x))2x)
= f (2x2 + 2xf (x)):2f (x2 + xf (x))z 2 f (f (xF (x))+xf (x)):4xf (x)
:>(x+f(x))2=4xf (x),vxeR
:>(X—f(X))2=O,VXeR
= f(x)=x,vxeR. Thir lai thay théa man.
Nhgn xét. Day c6 1& 13 ngudn gdc cua céc bai toan: Bai 5 (VMO 2016)
va bai 3 (Viet Nam TST 2004).

. (Viet Nam TST 2004) Tim tat ca cac gia tri cia a sao cho ton tai duy
nhat mot ham so f : R — R théa man
f(x2 +y+ f (y)): f (x)2+ay,vX,yeR.

Phan tich loi giai

Cung dua theo y tuong bai 6, ta sé chi ra f la mot toan &nh. Thay x=0
vao phuong trinh ban dau ta dugc f(y+f(y))=f(0) +ay,vx,y eR. Tu
dang thac ndy viéc chira f 14 toan anh phu thudc vao viéc so sénh a véi
s 0.

Néu a=0 ta thu duoc ding thirc f(x*+y+f(y))="f(x),vx,yeR (1).
Ta nhan thay phuong trinh (1) luén c6 hai nghiém I3 f(x)=0,vxeR va
f(x)=1vxeR suyragiatri a=0 khong thoa man ton tai duy nhat ham
so f.Dodo a=0, két hop véi f(y+f(y))= f(0)" +ay,vx, yeR suy ra
f la mot toan anh.

Do f la mot toan anh suy ra ton tai s6 b sao cho f(b)=0.DPit c=f(0).
Tir phuong trinh ban dau thay x béi —x ta duoc
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f(+y+f(y))=ay+f(—x)", vxyeR= f(x) =f(-x)",vxeR (2).
Tir (2) v £ (b)=0= f (~b)=0.

Thay x =0 vao phuong trinh da cho ta duoc f(y+ f(y))=ay+ f(0)’,
vy eR (3).

Trong (2) ta lan lugt thay y=Db va y=-b ta duoc:

f(b+ f(b))=ab+c’=0=ab+c’

f (~b+ f (-b))=-ab+c*=0=—-ab+c’

Tir hai dang thirc trén ta dugc b=c=0.

Do d6 f(x)=0<x=0 (4).

Thay y =0 vao phuong trinh ban dau ta dugc f(xz) ? VxeR (5).

(1)=0

Tir (5) thay x=1 ta duoc f(1)=f (1)’ { f(1)-1 , két hop véi (4) ta

dugc f(1)=
Tir (5) thay x=2 ta dugc f(4)=f(2)". Mt khéc ta viét

f(4)= f((ﬁ)2+1+ f (1)): f(V2) +a=f(2)+a
f(2)=f((0)+1+ F(1))=F(0) +a=a.

, a=0 ., )
Tu cac dang thuc trén ta dugc a’ =2ac{ , két hop voi a=0 ta

duoc a=2. Do d6 phuong trinh ban dau trg thanh
f (x2 +y+f (y)): f (x)2 +2y,¥x,yeR
Theo bai 6 ta duoc phuwong trinh nay co6 nghiém duy nhat Ia
f (x)=x,vxeR. Thi lai thay théa man. Vay a=2.
. (VMO 2016) Tim tat ca cac sb thuc a dé tén tai hamsé f :R —> R thoa
man:
c) f(1)=2016;
d) f(x+y+f(y))="f(x)+ay voimoi x,yeR.
Phan tich loi giai
Huwéng thie nhat
Néu a=0 thitaco thé lay f(x)=2016,VxeR thoa man dong thoi hai
diéu kién cta bai toan. Nhu vay a =0 thoa man.
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Néu a =0, tir diéu kién (b) ta chon x=—f(y) ta dwoc
f(y)="f(-f(y))+ay,vyeR (1).

Tur (1) dé thady ham sé f 1a don anh. Ciing tir (1), l1dy y=0 vasu dung f
12 don anh ta dugc f(0)=0.

Trong (b) tathay x=0 taduoc f(y+f(y))=ay,vyeR (2).

Ta s& sir dung (2) bang cach thay y bai y+ f(y) vao (b) ta dugc :
fey+f(y)+ F(y+f(y))=f(x)+a(y+f(y)).weR

o f(x+ay+y+f(y))=f(x)+a(y+f(y)).vyeR

< f(x+ay)+ay=f(x)+ay+af (y),vyeR

< f(x+ay)=f(x)+af (y),VyeR (3).

Trong (3) tathay x =0 ta duoc f(ay)=af (y),VyeR. Tl dang thic nay,
két hop véi (3) ta duge f(x+y)=f(x)+f(y),vxyeR (4).

Thay x =y =1 vao phuong trinh (b) va stt dung (4) ta duoc:
f(2+f(1)=f(1)+a<a=f(2018)— f (1)=2017f (1) =2016.2017.

Talay ham s f(x)=2016x,Vx e R théa man y8u cau bai toan. Vay
a=0 va a=2016.2017.

Huwong ther hal

Néu a=0 thitaco thé lay f(x)=2016,VxeR thoa man dong thoi hai
diéu kién cua bai toan. Nhu vay a =0 thoa man.

Néu a =0, tir diéu kién (b) ta chon x=—f(y) ta duoc
f(y)="f(-f(y))+ay,vyeR.

Tir (1) dé thady ham s6 f 1a don anh. Ciing tir (1), l1dy y=0 vasu dung f
12 don anh ta dugc f(0)=0.Do d6 f(x)=0<x=0 (5).

f(x)

Tir phuong trinh ban dau ta thay y = — ta thu duoc dang thic
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f(x— f(X)+ f (— f (X)D:O xR, két hop véi (5) ta dugc

X - fgx)+f(—fgx)J=0,‘v’XeR
@—¥+ f(—fgx)j:—x,‘v’XeR (6).

Tur phuong trinh (b) ta thay y boi —m ta duoc
a

f(x-M+ f {_MD: £(x)=f(y),vxyeR

a a
Két hop véi (6) ta dugc

f(x—y)=f(x)-f(y),vx,yeR (7).
Trong (7) tathay x=0 tadugc f(-y)=1f(0)-f(y)=—F(y),vyeR (8).
Va&imol vx,yeR taco
FOxry)=f(x=(=y))= ()= f(=y)= T (x)+ ()
= f(x+y)=f(x)+f(y).,¥x,yeR (9).
Thay x =y =1 vao phuong trinh (b) va st dung (9) ta duoc:
f(2+f(1)="f(1)+a<a="f(2018)- f (1)=2017f (1)=2016.2017.
Ta lay ham s6 f(x)=2016x,vx e R thoa man yéu cau bai toan. Vay
a=0 va a=2016.2017.

. (USAJMO 2015) Tim tat ca cac ham sé f:Q— Q thoa man diéu kién
f(x)+f(t)="f(y)+f(z) v6i moi s6 hitu tix<y<z<t va x,y,zt theo
thir tw 1ap thanh cap sé cong.

Phan tich loi giai

Do x,y,zt theo thir tu 1ap thanh cip s6 cong nén x+t =y +z, két hop voi
phuong trinh da cho ta duoc f(x)+ f(y+z—-x)=f(y)+f(z) (1) véi
mMoi X< y<z VA x,y,z theo th ty lap thanh cap sb cong.
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Thay x=0 vao (1) ta dugc f(0)+f(y+z)=f(y)+f(z) vsi moi
0<y<z. Tiép theo ta dit g(x)=f(x)—f(0) ta dugc:
g(y+2z)=9(y)+9g(z) voimoi 0<y<z (2).

R& rang gia thiét‘ (2) giéng voi gia thiét cia phuong trinh ham Cauchy,
tuy nhién vai dieu kién 0<y<z thi viéc xt li phuong trinh (2) khong
con don gian nhu phuong trinh ham Cauchy.

Véi s6 nguyén duong n >3, ta s& tim céach biéu dién g(n) theo

0(1).6(2) Taco 9(3)=9(1)+9(2).9(4)=9(3)+ 9(1)=5(2)+ 29 1),
tiep theo bang quy nap ta duoc g(n)=g(2)+(n-2)g(1) (3).

Liy 2 <y <z lacac s6 nguyén duong ta duoc a(y)=9(2)+(y—-2)g(2),
9(z)=9(2)+(z-2)g9(1).9(y+2)=9(2)+(y+z-2)g(1) vathay vao (2)
ta duoc: g(2)+(y+2-2)9(1)=9(2)+(y-2)9(1)+9(2)+(z-2)g(2)
<g(2)=29(1).

Két hop véi (3) ta duoc g(n)=ng(1).

Dé xéc dinh duoc g(x), trong d6 x la sb hitu ti ta can tim hé thac gitta
g(nx) va g(x), & day n 1a mot s6 nguyén duong.

Dau tién ta s& tim cach bieu dién g(nx) theo g(x),g(2x). Taco
9(3x)=9g(x)+9(2x),9(4x)=9(3x)+g(x)=9g(2x)+29(x), tiép theo
bang quy nap ta duoc g(nx)=g(2x)+(n—2)g(x) (4).

LAy 2<n<m la c4c sd nguyén duong ta dugc

9(m) =g(2x)+ (n-2)g(x),
g(mx)=g(2x)+(m-2)g(x),g(nx+mx)=g(2x)+(m+n-2)g(x) va
thay vao (2) ta dugc:
g(2x)+(m+n-2)g(x)=g(2x)+(n-2)g(x)+g(2x)+(m—-2)g(x)

< g(2x)=2g(x).

Két hop véi (4) ta duoc g(nx)=ng(x) (5).

Tir (5) ta duoc véi m,n 1a cac s6 nguyén duong ta duoc

g(m)= g(n.%jzng(%j: g(%ngg(l): g(x)=xg(1), voi x la mot
s6 hiru ti duong.

Phan con lai ta s& di tim g(x), véi x 1a s6 hitu ti am.

Do f(x)+f(t)="f(y)+f(z)=9(x)+g(t)=9(y)+9(z) véi moi

X <y<z<t lap thanh cap s cong.

Vé6i x <0 bat ki ta xét cap sé cong x <0<z <t ta duoc
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g(x)+9(t)=9(0)+9(z)=9(x)+t9()=9(0)+29(2)
=9(x)=9(0)+29(1)-tg(2)=xg(2)
Do vay g(x)=xg(1),xeQ= f (x)="f (0)+x(f (1)-f (0))xeQ
= f(x)=ax+b,xeQa,beQ. Thi lai ta thiy théa man.
. (Zhautykov 2015) Tim tat ca cac ham s6 f :R — R thoa man diéu kién
f (x3+ y® +xy): x*f(x)+y*f(y)+ f(xy),vx,yeR
Phan tich loi giai ‘
Thay y =0 vao phuong trinh ban dau ta duoc
f (x3)= x*f (x)+ f (0),vxeR
e xf(x)=f(x*)-f(0),vxeR ().
Tiép theo ta s& tinh f (0) theo cach tir (1) thay x =1 thu dwoc
& f(1)=f(1)-f(0)< f(0)=0
Két hop vai (1) va phuong trinh ban dau ta dugc
f (x3+ y® +xy): f (x3)+ f (y3)+ f(xy)-2f(0),vx,yeR
& f(x3+y3+xy): f(x3)+ f (y3)+ f(xy),vx,yeR (2)
Thay y =-x vao phuong trinh ban dau ta dugc
f(—xz):xzf (X)+(=x)" f(—x)+ f (—XZ),‘V’XER
< X f (x)+(—x)2 f(-x)=0,vxeR
< f(—x)=—f(x),¥xeR,x=0.
Két hop véi f(0)=0 taco
f(—x)=—f(x),vxeR (3).
Trong (2) tathay y bai —y va két hop véi (3)ta thu dugc
F(C =y —xy)=f(x°)+ F(=y°)+ f (—xy),vx,yeR
e f(C -y =xy)=1(x°)=f(y°)-f(xy),vx,y R (4)
Cong ting vé cua (2) va (4) ta dugc
F(C+y +xy)+ F (X -y —xy)=2f(x*),vx,y R (5)
Pang thuac (5) gitp ta dinh hudng dén chang minh f 12 ham cong tinh.
Ciing tir (5) dé chizng minh hamsé f 1a ham cong tinh ta s& chi ra voi
hai s6 thuc x,y e R tdn tai cac sd thuc u,veR sao cho
Xx=u’+Vv°+uv
{y =u®—v—uv
That vay
14



X+
x=u®+v:+uv w2ty
= 2

113 _\3 _
YSUWSVISW s ey

PAu tién ta chon u = 3/ X; y , sau khi chon duoc u, xét phuong trinh bac

ba sau t® +ut+y—u® =0. R3 rang phuong trinh nay ludn c6 it nhat mot
nghiém thuc va goi nghiém d6 1a v suy ra
Viw+y-uwd=0cy=u’-v'—uw
Do dé v&i moi x,y eR ton tai cac s thuc u,ve R sao cho
X=U>+V’+uv
y=u’-Vv’—uv
Két hop véi (5) ta dugc
f(x)+f(y)=2f (XLZVJ,VX, yeR (6)

Trong (6) ta cho y =0 thu duoc

f(x):Zf(g],VXGR @)
Tt (6) va (7) ta co dang thuc sau
f(x)+f(y)=2f (x;yj f(x+y),vx,yeR
= f(x)+f(y)=f(x+y),vx,yeR (8).
Do f(0)=0 nén tir (1) ta duge dang thic sau

f (x3): x*f (x),vxeR (9)
Tu (8) va (9) ta s€ xay dung f(x) theo huéng nhu sau:
f ((x+1)3+(x—1)3): f (2x3+6x): f (2x3)+ f(6x)=2f (x3)+6f (x)
=2x*f (x)+6f(x),vxeR
= f((x+1)3+(x—1)3):2x2f (x)+6f(x),vxeR (10)
Mat khac ciing theo (8) va (9) ta co
f((x+1)3+(x—1)3)= f ((x+1)3)+ f ((x—1)3)=(x+1)2 f(x+1)+(x=1)" f(x-1)
= (x+1)"(F () + £ () + (=1 (T (x)- f (1))
((x+2)° ( 1)y )f(x) ((x+1) ~(x-1)) F ()

<2x +2) (x )+4xf 1),VxeR

(
= £ ((x+1) +(x=1)°) =(2¢ +2) f (x) +4xf (1), vxeR (12)
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Tir (10) va (11) thu duogc dang thire
2x*f (x)+6f (x):(2x2 +2) f (x)+4xf (1), vxeR
< 4f(x)=4xf (1), vxeR
< f(x)=xf(1),vxeR hay f(x)=ax vxeR, trong do6 a la hang sé thyc.
Thtr lai vao phu’ong trinh ban dau ta thdy thoa man. ‘
. (India 2013) Tim tat ca cac ham so f :R — R thoa man diéu kién
f(x(1+y))=f(x)(1+f(y)). ¥x yeR.
Phan tich loi giai
Trudc tién ta tinh gia tri f (0) bang cach thay x =y =0 vao phuong trinh
ban dau ta duoc
f(0)=f(0)(1+ f(0)) < f(0)=0.
Néu ta thay x =0 hoic y =0 ta duoc dang thic luén dang. Dé str dung
kétqua f(0)=0 tasé&thay y=-1 vao phuong trinh ban dau
f(0)=f(x)(1+ f(-1)),vxeR
& f(x)(1+ f(-1))=0,vxeR
THL. Néu f(-1)=-1thi f(x)=0,vxeR, thi lai thay théa man.
TH2. Néu f(-1)=-1
Thay x =-1 vao phuong trinh ban dau ta dugc
f(-y-1)=f(-1)(1+f(y)),vyeR
o f(-y-1)=-f(y)-LvyeR
= f(y-1)=—f(-y)-LvyeR ().
Dé sir dung (1) thi trong phuong trinh ban dau ta thay y boi y—1 ta duoc
f(xy)=f (x)(l+ f (y—l)),Vx, yeR
e f(xy)=f(x)(1-f(-y)-1),vxyeR (do (1))
< f(xy)=—F(x)f(-y).¥x,yeR (2)
Thay y=-1 vao (2) ta duoc
f(—x)=—f(x)f(1),vxeR (3)
Piang thirc (3) & cho ta biét duoc tinh chan 1é cia ham sé . Pé chira cu
thé tinh chén 1¢ cua n6 ta can tim gia tri cua f (1).
Thay y=2 vao (1) ta dugc f(1)=—f(-2)-1, két hop véi (3) ta dwoc
f(1)="f(2)f(1)-1(4)
Thay x =y =1 vao phuong trinh ban dau ta dugc f(2)=f (1)(1+ f (1)),
két hop véi (4) ta dugc
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f(l)=-1

[
f(1)=1

*) f(1)=-1= f(2)=f(1)(1+ f (1))=0. Tir phwong trinh ban dau ta thay

x =2 thu duoc
f(2(1+y))=f(2)(1+f(y))=0vyeR
= f(2(1+y))=0,vyeR
= f(x)=0,vxeR, khong thoa mén véi f(1)=-1.
*) (1) =1, két hop véi (3) ta dugc f (-x)=—f(x),vxeR. Tir ddng thirc
nay su dung (1), (2) ta thu duoc
f(xy)=f(x)f(y),vx,yeR (5)
f(y-1)=f(y)-LvyeR= f(y+1)=f(y)+LVyeR (6)
Sir dung (5), (6) va phuong trinh ban dau ta duoc
f(x(y+1))=f(xy+x)=f(x)(1+f(y)).vx,yeR
= f(xy+x)=f(x)f(y)+f(x),vx,yeR
= f(xy+x)=f(xy)+f(x),vx,yeR (7)
Tur (7) tasé chira f 12 ham sé cong tinh. That vay, véi moi
x,yeR,x=0, ludn ton tai a,beR sao cho x=a,y=ab. Tir d6 ta c6
f(x+y)="f(a+ab)=f(ab)+f(a)="f(x)+f(y)
= f(x+y)=f(x)+f(y),vx,yeR,x=0 (8)
Két hop véi f(0)=0 ta dugc
f(x+y)=f(x)+f(y). vx,yeR(9)

Tur (5) va (9) ta dugc f(x)=x,vxeR. Thir lai thiy théa man. Vay
nghiém cua bai todn la f (x)=x,vxeR.
. (India 2003) Tim tat ca cac ham sé f : R — R thoa méan diéu kién

f(x+y)+f(x)f(y)="f(xy)+f(x)+f(y),vx,yeR.
Phan tich loi gidi , ’
Gia thict cua bai toan gilp ta lién h¢ dén bai toan co ban: Tim tat ca cac
ham so f :R — R théa man diéu Kién
f(x+y)=f(x)+f(y), f(xy)="F(x)f(y).vxyeR.
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Nghiém cua bai toan nay la f (x)=x,vxeR va f(x)=0,vxeR.
Bay gio ta s& tinh mot sb gia tri dac biét. Cho x=y =0 vao phuong trinh
ban dau ta dugc f (0) =2f(0) = f(0)=0 :
f(0)=2
TH1. f(0)=2
Thay y =0 vao phuong trinh ban dau ta duoc:
f(x)+f(x)f(0)=f(0)+f(x)+f(0),vxeR
o f(x)+2f(x)=2+f(x)+2, VxeR
< f(x)=2, vxeR. Thu lai ta thiy théa man.
TH2. £(0)=0
Néu ta thay x =0 hoic y =0 vao phuong trinh ban dau ta thay luon ding.
Do d6 ta can tinh mot vai gia tri dac biét khac. Néu thay x =y =1 ta duoc
f(2)+f (1)2 = f(1)+2f (1)< f(2)=3f (1)- f(2), tir day d¢ tinh duoc
f (1) tacantinh f(2). Thay x=y=2 ta duogc

F(4)+1(2) =f(4)+2f(2) :E;CZ
Véi f(2):0<:>3f(1)—f(1)2:0<:>_:82.
Véi f(2):2<:>3f(1)—f(1)2:2<:>_:812.

+) (2)=2,f(1)=2, thay x=1 vao phuong trinh ban dau ta dwoc
f(x+1)+f(x)f(1)="f(x)+f(x)+f(1),vxeR

< f(x+1)=2,vxeR

Do d6 f(x)=2,VxeR, thir lai thay thoa man.

+) f(2)=0, f(1)=3, thay x=1 vao phuong trinh ban dau ta dugc
f(x+1)+f(x)f(1)=f(x)+f(x)+f(1),vxeR

< f(x+1)+ f(x)=3,vxeR (1).

Thay x=-1 vao (1) ta dugc f(-1)=3. Dé sir dung két qua nay trong
phuong trinh ban dau ta thay x =-1 duoc

f(x=1)+f(-1) f(x)=f(-x)+ f(-1)+f(x),VxeR

< f(x-1)+2f(x)=f(—x)+3,VxeR (2).

Tur (1) ta duoc f(x)+ f(x—1)=3,VxeR, két hop véi (2) ta dugc
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3—f(x)+2f(x)=f(-x)+3,VxeR
< f(x)=f(-x),vxeR (3).
Dé sir dung (3) thi tir phwong trinh ban dau ta thay y bai —y ta duoc
f(x=y)+f(x)f(-y)="f(—xy)+f(x)+f(-y),vx,yeR
< f(x=y)+f(X)f(y)=f(xy)+f(x)+f(y).vxyeR
Két hop véi phuong trinh ban dau ta thu duoc:
f(x+y)="f(x-y),¥x,yeR
Tt phuong trinh nay thay x =y ta dugc f(2x)=f(0)=0,vxeR suyra
f(x)=0,vxeR, khong thoa mén vi f(1)=3.
+) f(2)=0,f(1)=0, thay x=1 vao phuong trinh ban déu ta duoc
f(x+1)+f(x)f(1)="f(x)+f(x)+f(1),vxeR
< f(x+1)=2f(x),YxeR= f(-1)=0.
Thay y =-1 vao phuong trinh ban dau ta duoc
f(x=1)+f(x)f(-1)=f(-x)+ f(x)+f(-1),VxeR
< f(x-1)=f(-x)+ f(x),vxeR
< 2f (x-1)=2f (—x)+2f (x),VxeR
o f(x)=2f(-x)+2f(x),vxeR
o f(x)=-2f(—x),VxeR (4).
Trong (4) tathay x béi —x ta dugc f(—x)=-2f(x),vxeR, két hop voi
(4) ta dugc f(X)=4f(x),vxeR < f(x)=0,VxeR. Thi lai thay thoa
man.
+) (2)=2, f(1)=1, thay x=1 vao phuong trinh ban déu ta dugc
f(x+1)+f( )E@Q)=f(x)+f(x)+f(1),vxeR
< f(x+1)=f(x)+LVvxeR (5).
Pé str dung (5) ta thay x bai x+1 thu duoc dang thic
f(x+1+y)+f(x+1)f(y)=f((x+1)y)+ f(x+1)+f(y).vx,yeR
o fF(x+y+1)+(F(x)+1) f(y)=f (xy+y)+f(x)+1+f(y),vx,yeR
< f(x+y)+1+F () F(y)+f(y)=f(xy+y)+f(x)+1+f(y),vx,yeR
< f(x+y)+ () f(y)=f(xy+y)+f(x),vx,yeR
< f(xy)+f(x)+f(y)=f(xy+y)+f(x),vx,y eR (do phuong trinh ban
dau)
f(xy)+f(y)="f(xy+y),vx,yeR (6).
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Ttr (6) ta thiy véi moi a,beR,b=0, thn tai x,y e R:a=xy,b=y.Khi do

taco f(a+b)="f(xy+y)="f(xy)+f(y)="f(a)+f(b), kéthop véi

f(0)=0 nén ta thu duoc f(x+y)=f(x)+f(y),vx,yeR (7).

Tu (7) va phuong trinh ban dau ta dugc f(xy)=f(x)f(y),vx,yeR (8).

Tu (7) va (8) ta dugc f(x)=x,vxeR. Thir lai thiy thoa man.

Vay phuong trinh da cho ¢6 3 nghiém Ia:

f(x)=2,vxeR, f(x)=0,vxeR, f(x)=x,vxeR,

. (USA TST 2012) Tim tat ca cac ham sé f : R — R thoa man diéu kién

f(x+y?)=f(x)+]yf(y).7x,yeR

Phan tich loi giai

Taldy x=0= f(yz): f(0)+|yf (y). Wy e R (1).

Trong (1) tathay y boi —y thu dwoc |yf (y)| =|-yf (-y)[=|¥f (-y)|. vy eR

f(-y)=|f(y).vyeR=>= f(-y) =f(y) . vyeR (2).

Tiép theo ta s& di tim moi lién h¢ gitra f (x) va f(-x) sau d6 két hop véi

(2) ta dugc f(x).

Tur phuong trinh da cho thay x bgi —y* ta dugc f(0)= f(—y2)+‘yf (y),

két hop vei (1) ta dugc f(0)=f(-y*)+ f(y*)- f(0) suy ra

2f(0)=f(-y*)+ f(y*),vy eR. Tir dang thirc nay ta thu dugc hé thirc

2f(0)=f(x)+ f(—x),vxeR (3).

Bay gio tir (2) va (3) tacoi f(x) va f(-x) lahaian, tr (3) ta dugc
f(—x)=2f(0)— f (x) thay vao (2) ta duoc

(2f(0)-f x))2 (f( ) vxeR

= 4F(0) —4F(0)f (x)+ ()" =(f(x)), vxeR

< 4f(0) —41(0)f(x)=0,vxeR

< 4f(0)((0)-f(x))=0,vxeR (4).

Néu f(0)=0 thitir (4) ta dugc f(x )— f(0),vxeR thay vao phuong

trinh ham ban dau ta thu duoc f(0)= +‘yf ‘ ). vy eR

< 0=|yf (y), vy eR dicu nay khdng xay ra suy ra f(0)=0.
Tir (1) va (3) ta duoc f(y?)=|yf(y).vyeR (5)va
f(-y)=—F(y).vyeR (6).
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T (5), két hop véi phuong trinh ban dau ta dugc
f(x+ yz): f(x)+f (yz),VX,yeR hay
f(x+y)=f(x)+f(y),vxyeR,y>0 (7).
Xét xeR,y<0 ta co:
F(x+y)==f (=x=y)==F (=x+(=y)) ==(f (-x)+ F (-¥))
=—(=F ()= T (¥)=F(X)+f(y)= T (x+y)=F (x)+ (y).
Két hop vai (7) ta duoc
f(x+y)=f(x)+f(y),vxyeR (8).
Tu (5) ta dugc f(x)=0Vx>0 (9).
Tu (8) va (9) ta duoc f(x)=ax,xeR.
Thu lai ta dugc a>0. Vay f(x)=ax,xeR, trong d6 a la hang s6 khong
am. ,
. (India 2007) Tim tat ca cac ham s6 f : R — R thoa man diéu kién
fF(x+y)+f(X)f(y)=1+y) F(x)+@+x)f(y)+f(xy).Vx,yeR.
Phan tich loi giai
Dau tién ta thi tinh gid tri f (0) bang cach thay x=y =0 ta duoc
£(0)=0
f(0)=2
TH1. f(0)=2, dé st dung dugc f(0)=2 thi trong phuong trinh ban dau
tathay y=0 thu duoc
f(x)+f(x)f(0)=f(x)+(1+x)f(0)+f(0),vxeR
< f(x)+2f(x)=f(x)+2(1+x)+2,VxeR
< f(x)=x+2,VxeR. Thir lai thay thoa man.
TH2. f(0)=0, néutathay y=0 vao phuong trinh di cho ta dugc ding
thac f(x)= f(x),vxeR ludn ding. Do d6 dé xac dinh dugc ham s6 f
ta can xac dinh thém mot sb gia tri dic biét khac nira.
Tathay x=1,y =-1 vao phuong trinh ba dau ta dugc
f(0)+f(1)f(-1)=2f(-1)+ f(-1)
o f(1)f(-1)=3f(-1) f1)=0

f(1)=3
+) f(1)=3d¢ st dung dugc f (1)=3 thi trong phuong trinh ban dau ta
thay y =1 thu duogc
f(x+1)+f(x)f(1)=f(x)+(1+x)f(1)+f(x),VxeR

f(0)+f(0) =3f(0)=
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< f(x+1)+3f (x)=2f (x)+3(1+x),VxeR

& f(x+1)=3(x+1),vx e R, tir dang thic nay ta duoc

& f(x)=3x VxR, thir lai thay thoa man.

+) f(-1)=0, thay y=-1 vao phuong trinh da cho ta duoc

f(x=1)+ f(x)f(-1)=(1+x)f(-1)+ f (—x),VxeR

< f(x-1)=f(-x),¥xeR ().

Thay x=-1 vao (1) ta dugc f(-2)=f(1). Tiép theothay x=1y=-2

vao phuong trinh ban dau thu dugc

f(-1)+f(Q)f(-2)=—F(1)+2f(-2)+f(-2)

< fQ)fQ)=-FfQ)+2f 1)+ (1)

f(1)=0

fl)=2

(a) f(1)=0, thay y =1 vao phuong trinh ban dau ta dugc
f(x+1)+f(x)f(1)=(1+x)f(1)+2f(x)+ f(x),vxeR
< f(x+1)=3f(x),vxeR (2).
Trong (2) tathay x béi x—1 ta dwoc f(x)=3f(x-1),vxeR, két hop
véi (1) ta duge f(x)=3f(-x),vxeR (3).
Trong (3) tathay x béi —x ta dugc f(—x)=3f(x),vxeR, két hop
Véi (3) ta duge 9f (x)=3f (—x) = f (x),¥xeR= f(x)=0,vxeR.

Thur lai thay thoa man.
(b) f(1)=2, thay y =1 vao phuong trinh ban déu ta dwoc

f(x+1)+f(x)f(1)=1+x)f(1)+2f (x)+f(x),vxeR

o f(x+1)+2f (x)=2(1+x)+2f (x)+ f (x),vxeR

< f(x+1)=f(x)+2x+2,vxeR (4)

Pé sir dung (4), tir phuong trinh ban dau ta thay x bai x+1 ta dugc
f(x+y+1)+f(x+1)f(y)=(1+y)f(x+1)+(2+x)f(y)
+f(xy+y),Vx,yeR

e f(x+y)+2(x+y)+2+(f(x)+2x+2) f(y)=(1+y)(f(x)+2x+2)
+(2+x)f(y)+ f(xy+y).Vx,yeR

o f(x+y)+ f(X)f(y)+2(x+y)+2+(2x+2) f (y)=(1+y) f(x)
+(1+y)(2x+2)+(2+x) f(y)+ f (xy+Yy), Vx,yeR

Két hop véi phuong trinh ban dau ta dugc

s fl)y=2fl)e

22



(I+y) F(x)+@+x) f(y)+ f(xy)+2(x+y)+2+(2x+2) f (y)=(1+y) f ()
+(1+y)(2x+2)+(2+x) f(y)+ F (xy+Yy), Vx,yeR
< (2x+1) f(y)+ f(xy)=f(xy+y)+2xy,vx,y eR (5).

Ta nhan thay néu ta thay y bai L Jao (5) thi ta duoc dang thic lién hé
X
gitta f (Ej va f (Llj, hai s& nay lién hé véi nhau boi (4). Tir dé ta
X X
~ 1
s€ suy ra duoc f (;j :
Voi x =0, trong (5) thay y bm ta duoc

(2x+1) f (%j+ f(1)=f (1+%j+ 2,¥x # 0. Tir dang thac nay két hop
Vai (4) ta dugc

2x+1 ( j+2—f( j+21+2+2Vx¢0
X

<:>2xf( j +2‘V’X¢O

<:>f( j:—+l VXx#0
X X° X

= f(X)=x>+x,vx=0, két hop véi f(0)=0 ta duoc
f (x)=x*+x,Vx e R. Thi lai thay thoa man.
Vay bai toan c6 bén nghiém 1a
f(X)=x+2,VxeR, f(x)=3x,¥xeR, f(x)=0,VxeR,
f(x)=x*+xVxeR.
10.(ELMO Shortlist 2014) Tim tat ca cac ham s6 f :R\{0} —R\{0} thoa

man f(x*+y)+1=f (X’ +1)+ f(xy)’ vx,y e R\{0} va X’ +y=0.

f(x)
Phan tich loi gidi
Ta s€ thay mot vai gia tri dac biét cua x,y vao phuong trinh da cho:

Véi x=1tadugc f(1+y)+1=1f(2)+ fly) (1).

)

Thay x boi —x ta duoc f(x2+y)+1: f(x2+1)+ f(=x) vx,y e R\{0} va

f(=x)

x> +y=0 (2).
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Tir phuong trinh ban dau va (2) ta duogc :
f9) _ (-9) vx,y e R\{0} va x*+y=0 (3).

fx) (=)
Trong (3) tathay x=1 ta duoc f(-y)= f(( ) f(y)=af (y),Vy=-10 (4)
Trong (4) thay y =1 ta dugc f(1)" = f(-1)" o f(-1)==f(2).
THL. f(-1)= f (1), theo (4) ta dugc f(-y)=f(y),vy =0 (5).
Dé sir dung (5), tir phwong trinh ban dau ta thay y bai —y ta duoc

f (x2 - y) = f (x2 + y),Vx,y eR\{0} (6).
Tir dang thie (6) ta s& chi ra ham sé nay 1a ham sé hang.
Trong (6) thay y=x"+1 taduoc f(-1)=f(2x*+1),vxeR\{0} suyra
f(x)=f(-1),vx=>1 (7).
Nhu vay dé tim f (x) ta chi can tim n6 véi 0<x <1, trong (6) ta s& chon
x sa0 cho x* -y (0,1) diéu nay hoan toan thuc hién dugc bang cach lay
x,y théaman y>1.[y <x<,[y+1. Khi d6 tir (6) va chi y véi diéu kién
cia x,y =X +y>1tadugc (X’ -y)="f(-1)= f(x)=f(-1) vxe(0;1)
(8).
Tu (7) va (8) taduoc f(x)=f(-1),vxeR\{0} hay f(x)=a,vxeR\{0},
trong d6 a 1a hiang sb khéc 0. Th lai ta thay thoa man.
TH2. f(-1)=—f (1), theo (4) ta dugc f(-y)=—F(y),vy=0 (9).
Pé sir dung (9), tir phuwong trinh ban dau ta thay y bai —1 ta duoc

v

f (x2 —1)+1= f (x2 +1)+ ff(—x) Wx#-1,0,1

(x)
Két hop voi (9) ta dugc f(x*+1)=f (X ~1)+2,vx=-10,1. Tir dang thirc
nay tasuyra f(y+1)=f(y-1)+2,vy=1y>0 hay
f(y+2)=f(y)+2vy>-1y=0 (10).
Tt phuong trinh ban dau ta thay x =1 ta duoc:

f(y+1)+1="f(2)+ f(y),Vy;«tO (12).

f(1)
Tur (10) va (11) ta co:
F(y+2)+1=f(2)+ f(fy(;)l) _ f(2)+( ff((z)h f (2)—1}%,Vy>0



f(y+2)+1=1(2) :((1>;2+];(é))—f%1),Vy>0
= f(y)+3= (2)+f(y2+f(2)— 1 vy >0 (12).

f° Q) @

Tir (12) tathay néu f(1)° #1= f(y)=a,vy >0, trong d6 a 1a hang sb
khac 0. Két hop voi (9) ta duoc f(y)=a,Vy =0Thi lai thay thoa man.
Néu f (l)2 =1=3=f (2)+%—%. Ta xét cac truong hop sau:
+)Néu f(1)=-1=3=f(2)-f(2)+1=3=1Vo i

+)Néu f(1)=1=3=1(2)+f(2)-1= f(2)=2.

Két hop véi (11) va bang quy nap ta chi ra duoc f (n)=n,vneN" (13).
Cung tir (11) taco f(y+1)=f(y)+LVvy>0 (14).

Tir phuong trinh ban dau ta thay y boi —

f(xz—y)+l=f(x2+1)+% f(x*+1)+ ff((x)zl))
fxy) _
= f(;) f(x —y)+1 f(x +l)

=2 ff((’i’)) — f(x2+y)— f (X2—y)’vx’y¢O;X2+y,x2—y¢o (15).

Theo (9) va (15) ta duogc :

(X +y)+1=f(x*)+1+ ff((x)z/))
:>2f(x2+y)=2f(x2)+2f(xy)=2f( )+ (X2 +y)- (X -y)

:>f(x2+y):2f( 2)—f(xz—y)

(x2+y)+f(x —y):2f(xz),vX,y¢0;x2+y,x2—y¢O (16).
= f(x+y)+f(x—y)=2f(x),vx>y>0
(

= f(x)+f(y)=2 (X;yj vx>y>0 (17).

Tir (17) lan luot thay x =1,y =1 ta duoc f(x)+f(1)= Zf(lej Vx>0

(18). Str dung (17), (18) ta duoc :
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2f(x+2y+1j= F(x)+ f(y+1)

= f(x+y)+1=f(x)+ f(y+1)=f(x)+ f(y)+1

= f(x+y)=f(x)+ f(y) vx>y>0 (19).

Tir phuong trinh ban dau va (19) taxét x=0,1 va y =x ta dugc:

f(xz)
f(x)

f (x2 +x)+l= f (x2 +1)+

= f(x*)+ F(x)+1=f(x*)+ f(1)+ fx >:> f(x*)=f(x)

f(x)
Suy ra f(xz): f(X)Z,‘v’X>0:> f(x)>0,vx>0 (20).
Tur (19) va (20) ta duoc f(x)=ax,Vx>0= f(x)=ax,vx=0.
Thur lai vao phuong trinh ban dau ta dugc f(x)=xVvx=0.
Vay f(x)=a,vx=0, trong d6 a lahang so va f(x)=x,vx=0.
11.(Romania 2006) Gia sir r,s € Q 12 hai sb cho trugc. Tim tat ca ham sé
f :Q — Q thoa man diéu kién
f(x+f(y))=f(x+r)+y+s,vxyeQ

Phan tich loi giai

Dau tién ta thi thay mot vai gia tri dic biét cua x,y dé tim cac hé thac
dac biét cia hamsb f .

Thay x =0 vao phuong trinh ban dau ta dugc

f(f(y)=f(r)+y+svyeQ (1)

Tiép theo dé sir dung duoc dang thire (1) thi trong phuong trinh ban dau
tathay y bai f(y) thu dugc

f(x+ f(f (y))): f(x+r)+f(y)+s,vxyeQ

o f(x+f(r)+y+s)=f(x+r)+f(y)+svxyeQ

o f(x+r+y+f(r)—r+s)=f(x+r)+f(y)+svx,yeQ

= f(x+y+f(r)—r+s)=f(x)+f(y)+svxyeQ

bit a= f(r)—r+s thay vao phuong trinh trén ta dugc

f(x+y+a)="f(x)+f(y)+s,Vx,yeQ (2)
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Ta s& cb gang chuyén (2) vé phuong trinh ham Cauchy. Néu chuyén dugc
vé phuong trinh nay, két hop véi chi xét bién trén Q nén tinh duoc
f(x),xeQ.
Thay y=0 vao phuong trinh (2) ta duoc
f(x+a)="f(x)+f(0)+sVxeQ (3)
Tir (2) va (3) ta duoc
f(x+y)+f(0)+s=Tf(x)+f(y)
< f(x+y)+f(0)=f(x)+f(y),vxyeQ
< f(x+y)-f(0)=f(x)-f(0)+f(y)-f(0),vx,yeQ
bit f(x)—f(0)=g(x),xeQ va thay vao phuong trinh trén duoc
g(x+y)=9(x)+9(y).vx,yeQ (4)
Tur (4) theo két qua quen thudc vé phuong trinh ham Cauchy ta dugc
g(x)=bx,VxeQ, trong d6 beQ la hing so.
Tir cach xéac dinh cua ham sé g ta duoc
f(x)=bx+ f (0)=bx+c,xeQ,c=f(0) (5)
T (5) thay lai vao phuong trinh ban dau ta duoc
b(x+by+c)+c=b(x+r)+y+s+c,Vx,yeQ

X)+ f(y)+s,vx,yeQ

< bx+b’y+bc+c=bx+y+br+s+c,vx,yeQ

o
bc+c=br+s+c {b:—l

b=1
{bzzl C=r+s
=

C=r-s

Vay bai toan cé hai nghiém

f(X)=x+r+s,xeQ vaf(x)=—x+r-sxeQ.
(USAMO 2002) Tim tit ca cac ham sé f : R — R thoa méan diéu kién

f (x2 - yz) =xf (x)-yf(y),vx,yeR
Phan tich loi gidi
Thay x=y vao phuong trinh ban dau ta duoc f (0)=0. Tiép tuc

thay y =0 ta thu duoc f (xz) =xf (x),vxeR (1).

Két hop (1) voi phuong trinh ban dau thu duoc

f (x2 - yz) = f (xz)— f (yz),VX,y eR(2)
Phuong trinh (2) goi cho chung ta dwa ham sé f vé dang cong tinh.
Muén vay trudc hét ta s& kiém tra tinh chin Ié cia ham sé nay. Trong (2)
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thay x =0 ta duoc f(—yz)z—f(yz),VyeRz f(-y)=—f(y),vy=0 suy
ra f(—x)=—f(x),vxeR (3).
Tur dang thuc (2) ta co:

f(x—y)="f(x)-f(y),vx,y=0 (4)
Xét voi Wx,y e R, ta s& kiém tra tinh cong tinh cia ham sé f dua vao (3)
va (4). Ta xét cac truong hop sau:
*) x,y>0,tacéd

f(x)=f(x+y-y)=Ff(x+y)-f(y)=f(x+y)=F(x)+f(y)
= f(x+y)=f(x)+f(y),vx,y>0.
*) x>0,y<0,taco
f(x+y)="f(x=(=y))=f(X)-f(-y)= f(x+y)=1f(x)+f(y)
= f(x+y)=f(x)+ f(y),vx>0,y<0.
*) x<0,y<0,taco
f(x+y)=—f(—x=y)=—F(=x)+f(y)= f(x+y)=f(x)+ f(y)
= f(x+y)=f(x)+ f(y),vx<0,y<0.
*) Néu x=0 hoic y=0 thi két hop véi f(0)=0 ta dugc
f(x+y)="f(x)+f(y).,vx,yeR (5)
Pé xac dinh dugc ham sé f ta s& dua vao (1) va (5) theo huéng nhu sau:
Xét f(a’), tathdy f(a’) tinh duoc ngay theo (1), ta s& chon a sao cho
c thé tinh f (a®) theo (5). Muon vay ta lay a=x+1. Khi d6 ta co
f((x+1)°) = (x+2) f (x+1) = (x+2)(f (x)+ f (1)), VxR (6)
f((x+1)2): f(x2+2x+1)= f(x2)+2f (x)+ f (1), vxeR (7)
T (6) va (7) ta dugc
f(x2)+2f(x)+f(l):(x+1)(f(x)+f(l)),VXGR
e xf(x)+2f (x)+ f (1) =(x+1)(f(x)+ (1)), vxeR
< f(x)=xf (1), VxeR.
Thr lai thay thoa man. Vay nghiém cta bai toan 1a f (x)=xf (1), vxeR.
13.(Balkan MO 2000, Argentina TST 2005) Tim tat ca cac ham sé
f :R — R thoa man dieu kién
f(xf (x)+f(y))= f(x)"+y,vx,yeR
Phan tich loi gidi
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Tathay x =0 vao phuong trinh da cho duoc f(f(y))=f (0) +y,vyeR

va thay y =0 vao phuong trinh da cho ta dugc
f(xf (x)+f(0))=f (x)",wyeR (1).

Nhu vy nhin vao cac dang thuc trén ta s& di tinh gié tri cua f(0).

Tir £(f(y))="f(0)" +y,¥yeR= f latoan anh suy ra ton tai a sao cho
f (a)=0. Tir phuong trinh ban dau ta cho x =a dugc
f(f(y)=y.vyeR (2).

Tu (1) va(2)suyra f(0)=0.

Pé sir dung (2) trong phuong trinh ban dau ta thay x bai f (x) ta duoc:
f(f(x)f(f(x))+f(y)): f(f (X))2+y,‘v’x,yeR
= f(xf (x)+f(y))=xX+y,vx,yeR (3).

Tu (2) tasuy ra f la don anh.

Trong dang thirc (3) ta thay x boi —x ta duoc :
f(—xf (—x)+ f(y)) =(—x) +y=x+y=f (xf (x)+f(y)),¥x,yeR
= xf (X)+ f(y)=—xF (—x)+ f(y),Vx,yeR
= xf (x)=—xf (-x),vxeR
= f(x)=—f (-x),vx=0, két hop véi f(0)=0 ta duoc
f(—x)=—f(x),vxeR (4).

Tt (3) va phuong trinh ban dau ta duoc :
f(xf(x)+f(y))=xt+y= f(x)2+y,VX,yeR
= f(x)2 =x*,vxeR (5).

Tur (1) ta co:
f(xf(x))="f(x)"=x*=f (f (xz)): f (xz): xf (x),vxeR (6).

Tir (2), (6) va phuong trinh ban dau ta duoc:
f(xf( )+f(y))= f(x)" +y,vx,yeR

y ) X +Yy,Vx,yeR

< F(f(x)+f(

(f f(y) ( (x2+y)),VX,yeR

( ) (y)= (x +y) vx,y e R

= f(x)+f(y)=f(x+y),vx=0,yeR (7).

Tur (4) va (7) tasé chirahamsé f cong tinh. That vay, véi x<0,yeR ta
CO:
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F(x+y)==f(-x=y)==(F(-x)+ f (=y))=—(=F ()= f (¥))

= f(x)+ f(y), két hop véi (7) ta dugc:
f(xX)+f(y)="f(x+y).Vx,yeR (8).

Dua vao (6) va (8) ta s¢ tinh dugc f (x) theo cach xét gia tri cua

f ((x +1)2). That vay, ta c6

i ((x+1)2) =(x+1) f (x+1)=(x+1)( f (x)+ f (1))

F((x+1)°) = £ (3¢ +2x+1) = £ (x°)+2F (x)+ f (1) = xF (x)+2F (x)+ f (1)

So sanh hai ddng thic nay ta dugc f(x)=f (1)x =ax,Vx e R. Thay lai

phuong trinh ban dau ta dugc a = +1.

Vay bai toan c6 hai nghiém la f (x)=x,VxeR va f(x)=-x,VxeR.
14.(Iran 2002, India 2012) Cho ham s6 f : R — R théa man diéu kién

f(x+y+xy)=f(x)+f(y)+f(xy),vx,yeR
Chang minh rang f (x+y)=f (x)+f(y),vx,yeR.

Phan tich loi gidi

Dau tién ta xac dinh gid tri f (0) bang cach thay x=y =0 vao phuong
trinh d cho thu dwoc f (0)= f (0)+ f (0)+ f (0) < f (0)=0. Néu thay
y =—X ta dugc f(—x) f(x)+f(—x)+ ( )VXeR

< f(—x)=—f(x),¥xeR (1).

Néu ta thay y =0 vao phuong trinh da cho duoc f(x)= f(x),vxeR
nhung dang thirc nay luén dung. Néu ta thay y =1 vao phuong trinh da
cho duoc f(2x+1)=2f(x)+ f(1),vxeR (2).

Pé sir Qung (2) thi trong phuong trinh da cho ta thay x bdi 2x+1 ta thu
duogc dang thac

f(2x+1+y+(2x+1)y) = f(2x+1)+ f (y)+ f((2x+1)y),vx,yeR

o F(2(x+y+xy)+1)=2f (x)+ f (1)+ f(y)+ f(2y+y),vx,yeR

< 2f (x+y+xy)+ f(1)=2F(x)+ F()+f(y)+f(2xy+y), Vx,yeR
< 2f (x+y+xy)=2f(x)+ f(y)+ f(2xy+y), vx,yeR

Tir phuong trinh nay va két hop véi phuong trinh ban dau ta thu dugc
2f (x)+2f (y)+2f(xy)=2F(x)+f(1)+f(2xy+y),Vx,yeR

< f(y)+2f(xy)=f(2xy+y),vx,yeR (3).
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Pé chi ra dugc ham sé f cong tinh thi tir (3) ta s& ¢ gang chuyén
2f (xy) thanh f (2xy), muon vay ta can so sanh f(2x) va 2f (x). Thay

X= —% ta duoc

o f(y)=-2f (—%j,VyeR. Tur dang thac nay ta thay y bai —2x ta

dugc f(-2x)=-2f(x),vxeR, két hop véi (1) ta dugc:
f(2x)=2f(x),vxeR (4).

Tu (3) va (4) taduoc f(y)+f(2xy)=f(2xy+y),vx,yeR (5).
Véi moi Wx,y e R,x =0, ton tai hai s6 thuc a,beR thoa man

x=a,y=2ab (chang han ldy a=x,b = Z—VX). Khi d6 theo (5) ta c6

f(x)+f(y)="f(a)+f(2ab)="f(2ab+a)="f(x+y)
= f(x+y)=f(x)+f(y),vx,yeR,x=0 (6).
Tur (6) va f(0)=0 taduoc f(x+y)="f(x)+f(y), vxyeR.

2. PHUONG TRINH HAM LIEN QUAN DPEN CAC TINH CHAT SO
HOC

Trong cac ki thi Olimpic toan trén thé giéi nhing nim gan day xuat
hién kha nhiéu bai tap phuong trinh ham ma trong 101 giai can sir dung
kh& nhiéu tinh chat s6 hoc, tinh chat nghiém cua phuong trinh nghiém
nguyén. C4c dang toan nay thuong kha da dang va diéu quan trong khi
ching ta giai dang toan nay Ia phai du doan duoc nghiém dé tim ra tinh
chét dic trung cho ham can xac dinh. Mudn hoc tét phan nay truéc hét
hoc sinh phai duoc trang bi kién thic nén tuong dbi day du vé sé hoc,
biét van dung linh hoat cac tinh chat sb va biét cach phat hién ra dugc
nhiing tinh chat s hoc dic trung. Trong phan nay ching t6i xin nén ra
mot sb vi du tiéu biéu qua dé gitp hoc sinh c6 nhimg ki ning va phuong
phép nhat dinh khi tiép can nhitng bai toan dang nay.

15.(USA JMO 2014) Tim tit ca cac ham s6 f :Z — Z thoa mén diéu kién

2
xf (2 (y)—x)+y*f(2x—f (y))=%+ f(yf(y)).vx,yeZx=0.
Phan tich loi giai
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bay la phuong trinh ham ma gia thiét rat phuc tap va rat kho dé’tim
ra phuong an thay thé bién dé tim duoc dac trung ctia ham. Tu gia thiét ta
c6 thé nhan thdy ngay tich chat x| f (x)°,vx=0= p|f(p),¥p nguyén t5
(1). Tiép theo ta thir thay y =0 vao phuong trinh di cho ta dugc:

2

xf (2f (O)—x):¥+ f(0),vx=0 (2).
Néu trong (2) ta thay x = p nguyén té va st dung (1) ta dugc p|f (0). Do
d6 néu chon p 1as6 di lon thi f(0)=0. Nhu vay ta dugc f(0)=0.
Tir (2) ta duge f(x)" =x*f (—x),vx=0 (3).
Boi dang thuc (3) néu ta tim dwoc lién hé gitta f (—x) va f(x) thi ta sé
tim duoc déc trung cua f(x).
Tu(3)tacd f(x) =xf(x)f(-x),vx=0. Tu ding thirc ndy thay x boi
—X ta dugc f (x)3 = f (—X)S,VX 0= f(x)=f(-x),vx=0
= f(x)=f(-x),vxeZ (4) (do f(0)=0).
Str dung (3) va (4) ta duoc
f (x)2 =x*f (x),Vx#0= f (x)2 =x*f (x),vxeZ (5)= VxeZ, f (x)=x’
hoac f(x)=0.
f(1)=0
f(l)=1
+) Néu f(1)=0, thay y =1 vao phuong trinh ban déu ta dugc:

T (5) lay x=1= f (1)’ = f(}) =

xf(2f (1)—x)+ f(2x—f (1)):%)()2Jr f(f(1),vxeZx=0

2
< xf (—x)+ f(2x) = f(x) VxeZ,x#0
X

< X f (x)+xf (2x) = f(x)z,vXeZ,x:&O (do (4))

< xf (2x)=0,vx e Z,x =0 (do (5)).

< f(2x)=0,vxeZ,x=0,két hop véi f(0)=0 ta dugc f(x)=0,vxeZ.
+) Néu f (1)=1,thay x=1 vao phuong trinh ban dau ta dugc:

f(1)°
f(2f(y)—1)+f(2—f(y)):¥+f(f(y)),VyeZ (6).
Néu ton tai y =0 sao cho f(y)=0 thi theo (6) ta duoc:

f(—1)+f(2):%1)2+f(0)<:> f(2)=0.
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Thay y =2 vao phuong trinh ban dau ta duoc:

xf(2f(2)-x)+f(2x—f (2))=%X)2+ f(f(2)),vxeZx=0

< xf(—x)+ f(2x) = f(;()z +f(0),vxeZ,x=0

< X f (x)+xf (2x) = f(X)Z,VXeZ,XiO
< xf (2x)=0,YxeZ,x=0 (do (5)).
& f(2x)=0,VxeZ,x=0, kéthop véi f(0)=0 taduoc f(x)=0,vxeZ
vo livi f(1)=1. Do d6 trong truong hop nay f (x)=x*vxeZ.
Vay bai toan c6 hai nghiém f (x)=0,vxeZ va f(x)=x’vxeZ. Thi lai
thay ca hai déu thoa man.

16.(USA MO 2012, Balkan MO 2012) Tim tat ca cac ham s6 f:N >N’
thoa mén f(n!)=(f(n))! véi moi neN" va m—n|f(m)-f(n) véi moi
mneN" ,m=n.
Phan tich loi giai
Tinh chat m—n|f(m)- f(n) véi moi mneN",m=n goi cho ta thay f
c6 tinh chat giéng mot da thirc. Nhu vay ta s& xét cac truong hop sau:
TH1. Néu f laham s6 hang va f(n)=a,vneN’, trong d6 a 1a mot s
nguyén duong cho trude. Khi d6 theo gia thiét dau tién ta duoc:
a=a! dang thuc nay chi xay ra khi va chi khi ae{1,2}. Tht lai thay théa
man suy ra c6 hai ham théa man la f(n)=LvneN hoac
f(n)=2,vneN".
TH2. Néu f khong phai ham sb hang ta dy doan trong truong hop nay
f (n)=n,vneN". Truéc hét ta chung minh n| f (n),vneN".

Ta lay hai s6 nguyén duong u,v sao cho ulv, dé si dung gia thiét da cho

ta liy bién nguyén dwong n sao cho n>v suy ra u|(ni-v),n!>v=
(n=v)|(f ()= f(v))=(n=v)|(f (n)= £ (v))=>u|(f(n)=f(v)) (D).

Néu tir (1) ta c6 thé chon n>v sao cho f(n)>u thi tir (1) suy ra u| f (v),
tir két qua nay néu lay u=v=ulf (u) hay taco n|f(n),vneN". Nhu vay
ta can chi ra ton tai n>v sao cho f(n)>u. That vay, gia st nguoc lai ta
c6 f(n)<u,vneN,n>v= ton tai s6 nguyén duong a<u sao cho
f (n)=a tai vd han s6 nguyén duong n>v.

Theo gid thiét ta cd v6i mdi s6 nguyén duong m=n=m-n|f(m)-f(n)
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=m-n|f(m)-a (2).

Do f khong phai ham sé hing nén ta c6 thé chon duoc sé nguyén duong
m sao cho f(m)-a=0. Do do tir (2) suy ra c6 vo han s nguyén 1a uéc
cua f(m)-a=0 diéu ndy mau thuin suy ra ludn ton tai s6 nguyén duong
n>v sao cho f(n)>u. Do vay theo li luan & trén ta thu duoc
n[f(n),vneN" (3).

Theo (3) va gia thiét ta cd 2| f(2)=2|f (2)=2|f (2)!= f(2)=2.

Néu f(3)>3= f(3)=4= f(3)=f(3)E4= f(3!)-f(2)=(3)-2
khong chia hét cho 4. Mat khéc theo gia thiét 31-2| f (3!)- ( )=

4 f(3)-2vdlisuyra f(3)<3.Theo (3)talaico f(3)>3= f(3)=3.

f(6)=f(3)=(f(3))!=3I=6=6!=f(6)!=f (6!)= f(720)=720...
Cir ti€p tuc nhu vay ta c6 vO han s6 nguyén duong n sao cho f(n)=n.
Day 1a két qua rat quan trong dé ta chi ra dugc f(n)=n,vneN". That
vay, voi mdi s6 nguyén duong m, két hop véi két qua ¢ trén thi ton tai vo
han s nguyén duong n>m sao cho f(n)=n.
Theo gia thiét ta co
m—n|f(m)-f(n)=m-n|f(m)-n
m-n[f(m)-m+m-n=m-n|f(m)-m
= m-n|f(m)-m véi vd han s nguyén dwong n>m. Diéu ndy chi xay
rakhi f(m)=m.Dodé f(n)=n,vneN", thi lai thay thoa man.
Vay cac nghiém cua bai toan la f(n)=n,vneN va f(n)=1VneN va
f(n)=2vneN".

17.(IRAN 2011) Tim tit ca cac ham sé f:N —N" thoa man diéu kién
af (a)+bf (b)+2abla s6 chinh phuong véi moi a,beN".
Phan tich loi gidi

Vi gia thiét af (a)+bf (b)+2abla s6 chinh phuong véi moi

a,beN néntadydoan f(n)=nvneN . Védiham sO f (n)=n,vneN
ta s& ¢ nf (n) 12 s6 chinh phuong ¥n e N” va céc tinh chét dic trung nhu
néu p 1a mot s6 nguyén té sao cho p|f(n) thi p|n,
[f(n+1)-f(n)=LvneN ...
Véi gia thiét caa bai toan ta s& di ching minh hai két qua sau:
B6 dé 1.nf (n) 1256 chinh phuong Vne N’
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Chirng minh.Gia sir ton tai ¢ < N” sao cho cf (c) khong 12 so chinh
phuong. Khi d6 ton tai s6 nguyén té p sao cho v, (cf (c))=2k +Lk e N.
Chon d 1a s6 nguyén duong théa mén v, (d)> 2k +1 suy ra
v, (cf (c)+df (d)+2cd) =2k +1

Do d6 cf (c)+df (d)+2cd khong l1a s6 chinh phuong. Do vay bo dé 1
dugc ching minh.
Bo dé 2.Néu p lasé nguyén to I&, p| f (n),neN" thi p|n.
Ching minh.Gia sir ton tai s6 nguyén té I¢ p va s6 nguyén duong ¢ sao
cho p|f(c) nhung p khong la udc cua c.
Chon s nguyén duong d sao cho v, (d)=1, két hop véi df (d) la sb
chinh phuong nén pz‘df (d). Do do ta c6

p|cf (c)+df (d)+2cd

p|2cd, 2cd = 0(mod p?)

cf (c)+df (d)+2cd = O(mod p2)
Diéu nay khong xay ra vi cf (c)+df (d)+2cd 1a mot s6 chinh phuong.
Do d6 bd dé 2 dugc ching minh.
Dau tién ta tinh f (1), ta c6 1.f (1)+1.f (1)+2.1.1=2f (1)+2 la s6 chinh
phuong nén ton tai s6 mnguyén dwong u sao  cho
2f()+2=u*=u2=u=2t= f(1)+1=2t° (1).
Néu f (1) la sb chdn thi mau thuan véi (1) suy ra f(1) la sé l¢. Gia st
f (1)c6 uéc nguyén to 1¢ 1a p, theo b dé 2 ta dugc p|L vo 1i. Do d6 f (1)
|2 56 1¢ va khong c6 udc nguyén to 1é suy ra f(1)=1.
Thay a=2,b=1 vao diéu kién ban dau ta duoc
2f(2)+1f (1)+2.2.1 1a s6 chinh phuong hay ton tai s6 nguyén duong u
sao cho

2f(2)+5=u? (2)

Theo b6 dé 1 ta dugc 2f (2)=V’, trong d6 v 12 SO nguyén duong. Thay
vao (2) thu dugc

= f(2)=2

v=2

T {u—v=1 {u=3
Vi+5=u"<u " -v = =
u+v=>5

Str dung phuong phap quy nap ta dugc f(n)=n,vneN". Thi lai thiy
thoa mén. Vay f(n)=n,vneN".
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18.(IMO Shortlisted 2010)Tim tét ca cdc ham s6 f :N"— N thoa man tinh
chat (f(m)+n)(m+ f(n)) 1aso chinh phuong véi moi mneN".
Phan tich loi giai

Ta dy doan nghiém cua bai toan la f (n)=n+c,VneN’, trong do ¢

12 hang s6 tu nhién. V&i ham s6 f(n)=n+c,vneN" ta dy doin mot s6
tinh chét dc trung nhu néu p 12 mt s6 nguyén to sao cho p|f (a)- f (b)
thi pla-b, |f (n+1)-f(n)|=1vneN"....V¢i gia thiét cha bai todn nay ta
du doan tinh chat néu p 1a mot s6 nguyén t6 sao cho p| f(a)- f (b) thi
pla-b.

Bo dé. Néu p| f (k)- (1) véi p lasd nguyén to va k,I e N” thi plk-I.

C;h(mg miph. o ’

Y tudng d¢ chiing minh bo d€ nay la chon s6 nguyén duong n sao cho
f(n)+k va f(n)+I cung chiahétcho p. Tirdé suyra plk—I.

THL. p?| f(k)-f (1), dat f(I)=f(k)+paacZ.

Chon n=pD-f (k) (D chon sau) suy ra n+f (k)= pD:p, tiép theo ta
xét n+f(1)=pD+f(I)-f(k)=p(D+pa)=n+Tf(l)p.

Do gia thiét (f(k)+1)(k+f(1)) 1a sé chinh phuong nén ta can chon D
sao cho f(n)+k va f(n)+I cing chia hét cho p nhung khong chia hét
cho p?. Muén vay ta s& chon D nhu sau

Lay D du l6n sao cho D khong chia hét cho p. Khi dé ta co

n+ f(k)/ p?

n+f(k)p =k+f(n)ip (1)
(n+ £ (i) (ke 1 (n)) =t°
n+f(1)/p?

n+f(l):p

(n+f(1))(1+ f(n))=h?
T (1) va (2) ta dwoc plk—1.

TH2. p|f(k)-f(l) va f(k)- (1) khdng chia hét cho p°.

=1+ f(n)ip (2)

Chon D sao cho n=p’D-f (k) va D khdng chia hét cho p. Khi d6 ta
duoc:
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n+f(k)=p°D

n+f(1)=p’D+f(I)-f(k)=0(modp) va n+f(l) khong chia hét cho
p*.
Mat khac (n+f(1))(1+f(n)) va (n+f(k))(k+f(n)) la cac s6 chinh

phuong nén:

= k—1=0(mod p)

{k+ f (n)=0(mod p)
I+ f(n)=0(mod p)

Vay bo dé duge chang minh.
Tro lai bai toan ta thay néu f(k)=f(I) thi véi sé nguyén to du Ién
p>max{k,I} theo b6 dé ta dugc p|k -1, diéu nay chi xay ra khik =1.

Néu ton tai s6 nguyén tb p sao cho p|f(n+1)-f(n) thi theo b dé ta
duoc pin+1-n= plL VO Ii. Vay |f (n+1)-f(n)=LvneN" (3).

Tr (3) va gia thiét ta can chi ra f(n+1)-f(n)=LVneN hoic
f (n+1)- f (n)=-1vne N". Nhan thiy néu mét trong hai dang thc trén
khong xay ra thi ton tai mot sé6 nguyén duong k sao cho
f(k+1)—f(k)=1va f(k+2)-f(k+1)=-1, cong ting vé hai dang thirc
nay ta dugc f(k+2)—f(k)=0< f(k+2)=f(k)<=k+2=k VO li. Do
do ta duoc
f(n+1)—f(n)=LvneN hoac f(n+1)—f(n)=-LvneN

*) f(n+1)-f(n)=-LVvneN = f(n+1)< f(n),vneN Vo i
*)f(n+1)—-f(n)=LvneN = f(n)=n-1+f(1),VvneN suy ra
f(n)=n+c,vneN’, trong d6 ¢ 1a mot hang s6 nguyén khdng am. Thi
lai thay thoa méan. ,

19.(IMO Shortlisted 2007, Germany TST 2008) Tim tat ca cac ham toan
anh f:N"— N" thoa man diéu kién: véi mdi s nguyén té p, p|f(m+n)
khi va chi khi p|f(m)+f(n) véi moi mneN".
Phan tich loi giai
Véi mdi s6 nguyén t p. Goi d 1a s6 nguyén duong nho nhat théa man

pl f (d).
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B6 dé 1. p| f(n)=d|n
Thay vay, p|f(d)=p|f(d)+f(d)= p|f(2d). Bang quy nap ta dugc
p| f (kd) v&i moi s6 nguyén duong k.

LAy n chia cho d dugc thuong 1a q va du r. Khi d6 néu r>0, két hop
voi p|f(qd),p| f(qd+r)=p|f(r) vOlivi r<d suyra r=0 hay d|n.

B6 dé 2.m=n(mod p) < f (m)= f (n)(mod p)

Néu f(m)= f(n)(mod p), ta Iéy k sao cho k+m=0(modd)=> p| f (k+m)
= p|f (k)+f(m),p|f(n)-f(m)=p|f(k)+f(n)=p|f(k+n)=d|k+n
=d|m-n.

Tuong tu ta duoc néu m=n(modd)=> f (m)=f (n)(mod p).

Taco {f(1),f(2),... f(d)} doi mot khac nhau theo modp=d<p.

X6t {1,2,..., p} ton tai cac s x,i=12,...,p sao cho
f(x)=i+pt = f(x)=i(modp)= f(x)= f(x;)(mod p)=>x = x;(modd)

Xy, Xy, X, 401 mot phan biét theo modd = p<d suyra d =p. Do dé bo dé
2 dugc ching minh.

Néu f(1)>1=ton tai s6 nguyén t& p|f(1)= p|f(n),vneN". Ly sb
nguyén té q> p, két hop véi f 14 toan anh nén ton tai s6 nguyén duong
n sao cho gq=f(n)ip vOlisuyra f(1)=1

Néu f(2)=1= lay s6 nguyén t6 p= p|f(2)-f(1)= p|2-1 V@ Ii. Suy ra
f(2)22. Néu f(2)>2= f(2)-f(1)>2=t0n tai s6 nguyén t6 p sao cho
o/ (2)- f (1)= p|2-1 v6 Ii. Do db f(2)=2.

Gidasu f(1)=1f(2)=2,..,f(n-1)=n-1. Tasé chang minh f(n)=

Néu f(n)<n-1 suy ra ton tai je{12..,n-1} sao cho f(n)=j=f(j).
Chon sb nguyén té da 16n p| f (n)—f(j)= p|n—j vo li. Do d6 f(n)=>n.
Néu f(n)>n=f(n)>n-1= f(n)-f(n-1)>2 vO li. Vay f(n)=n

Thir lai ta thdy ham f(n)=nneN thda man diéu kién. Do d6
f(n)=nneN.
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20.(Iran TST 2008) Cho k la mot s6 nguyén duong. Tim tat ca cac ham sb
f:N"—> N thoa man diéu kién
f(m)+ f (n)‘(m+n)k VmneN
Phan tich loi giai ,

Ta thu tinh mét so gia tri dac biét nhu f (1), f (2). Thay m=n=1
vao dieu kién ban dau thu dugc 2f (1)|2° < f (1)|2“*. Tiép theo m=2,n=1
vao dieu kién ban dau thu dugc f(2)+ f (1)3°. Tir dicu kién nay suy ra
f(2), f (1) khac tinh chin, l¢. Néu f(2) chin thi f (1) 18, két hop véi diéu
kién f(1)|2“* ta duoc f(1)=1. Néu f(2) 1§, thay m=n=2 vao dicu kién
ban dau ta dugC f(2)+ f (2)[4“ = 2f (2)]2* & f(2)]2%*, két hop Véi f(2)
l¢ nén f(2)=1. Tiép theo thay m=n=4 vao diéu kién ban dau ta duogc
f(4)+ f (4)8" < f(4)2%?; thay m=3,n=2 vao diéu Kién ban dau ta duoc
f(3)+f(2)5" < f(3)+15* = £(3) chdn. Tiép tuc thay m=3,n=4 vao
diéu kién ban du ta duoc f(3)+ f (4)|7“ < f(3)+ f (4)7* = f(4) lésuy ra
f(4)=1. Theo 1ap ludn nhu vay vi¢c tinh duoc f(1) la tuong ddi khé
khan. Nhu vay ta can di theo hudng 1am khéac.

DAu tién ta d& nhan thay ham sé can tim 13 f (n)=n,neN". Néu day
la ham sb duy nhét thi ta c6 thé du doan nhitng tinh chat dic biét cia ham
s6 nay chang han nhu néu p 1a mot s6 nguyén t6 sao cho p| f (n) thi p|n,

|f(n+1)—f(n)|=LvneN", f la ham s6 don 4nh... Ta can tim ra mot

ddng thirc lién hé cua ham sb f. Do d6 ta s& di chitng minh tinh chat
‘f(n+1)— f (n)‘zl,VneN*.

Dé ching minh tinh chat nay ta thuong lam theo huéng: gia st ton
tai 56 nguyén duong n sao cho |f (n+1)— f (n)>1= ton tai s6 nguyén to
p|(f (n+1)—f(n)) (1).
Ta tim méi lién hé gita f (n+1), f (n). Tir diéu kién ban dau ta co
f(m)+f(n)(m+n),vmeN" va f(m)+f(n+1)(m+n+1)’,vmeN".
Tur hai dieu kién trén suy ra (f(m)+f(n), f (m)+f(n+1))=1,vmeN" suy
ra (f(m)+ £ (n), f (m)+ f (n+1)— f (m)—  (n))=1,vme N’
— (£ (m)+ f (), f (n+1)— f (n))=1.ymeN" (2).

39



Két hop (1) va (2) néu ta chon dugc m sao cho p| f (m)+ f(n) thi ta co
diéu mau thuan ngay. Viéc chon nay kha don gian, 1y m= p“ —n, Vdi «
di1 16n thi theo diéu kién ban dau ta duoc
f(m)+ f (n)‘(m+n)k = f(m)+ f(n)| p=™
Két hop v6i f(m)+ f(n)>1= p|f(m)+ f(n). Tir dieu nay va (1), (2)
mau thuan suy ra
|f(n+1)—f(n)|=LVvneN" (3)
Tur (3) va gid thiét ta can chi ra f(n+1)-f(n)=LvneN hoic
f (n+1)- f (n)=-1vne N". Nhan thiy néu mét trong hai dang thtc trén
khong xay ra thi ton tai mot sé6 nguyén duong k sao cho
f(k+1)—f(k)=1va f(k+2)-f(k+1)=-1, cong ting v hai dang thic
nay ta dugc f(k+2)—f(k)=0< f(k+2)=f(k). Ta dang can chi ra
diéu nay khong diing, mudn vay ta nghi dén chitng minh ham sé f 1a don
anh. That vay, gia sir ton tai hai sé nguyén duong phan biét a,b sao cho
f (a)= f (b). Theo gid thiét ta co
f(a)+f (x)‘(a+x)k
f (b)+ f(x)|(b+x)"

Do a=b nén ton tai s6 nguyén duong x sao cho (a+x,b+x)=1 (dieu

, VxeN (4)

nay thuc hién dugc vi (a+x,b+x)=(a+xa+x—b—x)=(a+xa-h), tu
day ta chi can lay x sao cho a+ x la s6 nguyén to du 16n).
Tur (4) tasuy ra

f(a)+f (x)‘((a+x)k ,(b+x)k)=l, vo livi f(a)+f(x)>1.
Do d6 ham s6 f 12 mot don &nh.Tir phan tich & trén ta dugc

f(n+1)—f(n)=LvneN hoac f(n+1)—f(n)=-LvneN
TH1. f(n+1)-f(n)=-LvneN = f(n+1)< f(n),vneN Vo Ii.
TH2. f(n+1)-f(n)=LVvneN = f(n)=n-1+f(1),vneN".
Thtr vao diéu kién ban dau ta duogc
m+n-2+2f (1)(m+n),vmneN" (5)

Tur (5) lan luot cho m=n=1va m=2,n=1 vd m=n=2 thu duoc

2f (1) 2* f(1)]2*

1+2f (13 =11+2f ()3 = f(1)=1

2+2f (D)4 |1+ f(1)2*
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Do d6 f(n)=n. Thu lai thdy théa man. Vay nghiém cia bai toan 1a
f(n)=nvneN".

21.(APMO 2015) Cho S =N"\{1}. Héi c6 ton tai ham s6 f:S—S thoa man
diéu kién f(a)f (b)=f(a’h®),vabeS,a=b khong?
Phéan tl'ch loi giai , ‘ ,
Gia sir ton tai ham so6 théa man yéu cau bai toan. Ta sé tim tinh chat dac
bigt ctia ham sé f. Xét hai biéu thtc sau f (a) f (d) f (c), f (a) f (b) f (c).
Ta co f(a)f(d)f(c)="f(a’d®)f(c)="f(a'd’c’) va
f(a)f(b)f(c)="f(a)f(b’c’)="f(a’b%c’).
Ta sé& chon c,d sao cho a'd‘c® =a’h'c’ < a’d* =b'c®* <ad’ =b*c (1). Voi
c,d thoa man (1) thi
f(a'dc®)=f(a%'c") < f(a)f(d)f(c)="f(a)f(b)f(c)= f(b)="1(d) (2).
Tat nhién ta can chon d =b va ¢ thoa man (1) chang han d =b? c = ab?.
Nén tir (2) ta dugc f(b)=f(b*),vbes (3).
T tinh chat (3) ta co
f(a)f(b)=f(a%’),vabeS,a=be f(a)f(b)=f(ab),vabeS,a=h (4).
Str dung tinh chat (3) va (4) ta duoc
f(16)=f(4°)=1(4)=1(2°)=1(2)
Mt khac f(16)= f (2.8)= f(2) f (8). Tl hai dang thic trén ta dwoc
f(2)f(8)=f(2)< f(8)=1 vd li. Vay khdng ton tai ham s6 f thoa man
yBu cau bai toan. ’ ’ ‘

22.(Iran 2004) Tim tat ca cac ham so f :N" — N" thoa man diéu kién sau

f(m)+ f(n)m+n,vmneN
Phan tich loi gidi
Trudc hét ta tinh mot vai gid tri ban dau nhu f (1), f(2), f (3) dé du

doan cong thirc cia ham s6 . Tir diéu kién ban dau ta thay m=n=1 thu
duoc
fQ)+f(D2e2f@)2< f(1)=1
Pé tinh f (2), tur diéu Kién ban dau ta thay m=2,n=1 ta duoc
f(2)+f (D)8 f(2)+18e f(2)+1=3< f(2)=2

Nhu vay ta c¢d thé du doan ham sé can tim Ia f(n)=nvneN". Lam thé
nao dé chi ra dugc ham nhu vay.
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Huwoéng thir nhdt.Dau tién ta nghi dén hudng sir dung phuong phap quy
nap. Gia st f(k)=k,k=12..,n, ta s&¢ chtng minh f(n+1)=n+1. That
vay, tir diéu kién ban dau ta dugc

f(n)+f (n+1)‘n+n+1:>n+ f (n+1)‘2n+1:>n+ f(n+1l)=2n+1
= f(n+1)=n+1.

Tudotaco f(n)=nvneN. Thu lai thay thoa man. Vay nghiém caa bai
toanla f(n)=n,vneN".
Huwoéng thee hai. Ta nhan thay néu chon m,neN" sao cho m+n 1a mot sé

nguyén t6 thi ta s& tinh dwoc f (n)+ f (m).

Chon m=p-1n=1, trong d6 p la mot s6 nguyén to. Khi dé tir diéu kién
ban dau ta thu dugc

f(p-1)+f (1) p-1+1= f(p-1)+lp=f(p-1)+1=p=f(p-1)=p-1
Pé sir dung két qua trén ta thay m=p-1 vao diéu kién ban dau va véi
mdi s6 nguyén duong nta duoc
f(p-1)+f(n)p-1+n
< p-1+f(n) p-1+n
< p-1+f(n) p-1+f(n)+n-f(n)
< p-1+f(n)n—f(n)
Néu ta chon p 1a sé nguyén t§ du 16n thi diéu kién trén xay ra khi
f (n)=n. Vay nghiém cua bai toan la f(n)=n,vneN".
23.(IMO Shortlisted 2004, India 2005) Tim tat ca cac ham s6 f:N" - N’
thoa mén diéu kién
( f(m)° +f (n))‘(m2 +n)2 ,vm,ne N

Phan tich loi gidi

DAu tién ta thir tinh mot s6 gid tri dac bigt nhu f(2), f (2), f(3),...dé
du doan cong thic cia ham sd f. Tur diéu Kién ban dau ta thay m=n=1
thu duoc ( f(2)° + f (1))‘4. Tur diéu kién nay néu f(1)>2 thi f(1’+f(1)=6
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Vo lisuy ra f(1)=1. Thay m=1,n=2 vd m=2,n=1 vao diéu ki¢n ban dau
ta duoc

(T +1(2)o _ (1+1(2))o ~
(f@+f@)es [(f +1)|25

f(2)=2

Nhu vay ta du doan f (n)=n,vneN". Bai toan nay c6 noi dung kha giong
véi bai todn trén nén ta thir giai theo mét trong hai hudng caa bai toan
trudc.

Huwong thir nhdt.Dau tién ta nghi dén hudng st dung phuong phap quy
nap. Gia sir f(k)=k,k=12..,n, ta s& chitng minh f(n+1)=n+1. That
vay, ta lan luot thay m=n,n béi n+1 vd m=n+Ln=n vao diéu kién ban
dau ta duoc

(f (n)2 + f (n+1))‘(n2 +n+1)2 :>(n2 +f(n +l))‘(n2 +n+l)2

2

( (2 + £ () ((n+2)° +n)

Ta nhan thay tir hai diéu kién trén dé danh gia duoc f(n+1) 1a rat kho
khan va hudng 1am tha nhat ndy gap kho khan!

:>(n+ f(n +1)2)‘(n2 +3n +1)2

Huwong thir hai. Ta nhan thay néu chon m,neN" sao cho m*+n 1a mot s6
nguyén t6 thi ta s& tinh dwoc f(m)* + f (n).

Chon m=p-1n=1, trong d6 p la mot s6 nguyén to. Khi dé tir diéu kién
ban dau ta thu dugc

(@ + 1 (p-))@+p=1)= f(p-2)+3p* = f (p-1)+1e{p, P}
= f(p—l)e{p—l, p2—1}
TH1. f(p-1)=p*-1

Pé sir dung két qua trén ta thay m=p-1 vao diéu kién ban dau va véi
mdi s6 nguyén duong nta duoc

(f(p-0+ T @)((p-1+1)
= (( p> —1)2 +1)‘(( p—1)° +1)2

2
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<:>(p4—2p2+2) p4—2p2+2—4p3+10p2—8p+2)
)

< (p*-2p°+2

(
(—4p3+10p2—8p+2)
(

< (p*-2p*+2)|(4p°-10p* +8p—2)

= p*-2p*+2<4p®-10p*+8p-2

= (p*-2) +4(p-1)° <0 VO Ii.

TH2. f(p-1)=p-1

Pé sir dung két qua trén ta thay m=p-1 vao diéu kién ban dau va véi
mdi s6 nguyén duong nta duoc

(f(p=2+(m)((p=1)"+n)

2

2

e ((p-1)+f (n))‘((p—l)z +f(n)+n—f(n))
& ((p=1)+ 1 (m))|(n=F (n)"

Néu ta chon p 1a sé nguyén t§ du 16n thi diéu kién trén xay ra khi
f(n)=n. T d6 ta c6 f(n)=nvneN". Thir lai thiy théa man. Vay
nghi¢m cta bai toan la f (n)=n,vneN".

3. BAT PHUONG TRINH HAM

24.(Canada 2015) Tim tat ca cdc ham sé f :N" — N’ thoa mén diéu kién
(n-1)° < f(n)f(f(n))<n’+nvneN".

Phan tich loi giai S

V6i dang todn ma gia thiet vé bat dang thuc thi viéc du doan duoc
nghiém dong vai tro quan trong trong viéc dinh hudng loi giai. Viéc dyu
doan nghiém thuong ta thong qua vi¢c tinh cac gia nhu f (1), f (2), f(3),...
Thay n=1 vao phuong trinh ban dau ta dugc
0<f(1)f(f(1))<2=f(1)=1.
Thay n=2 vao phuong trinh ban dau ta dugc
1< f(2) f(f(2))<6. Tir bat dang thuc nay suy ra f(2)>1, néu f(2)=3.
Tir diéu kién ban dau ta thay n boi f (n) thu dwoc

(F(n)=2) < f(F(m)F(f(F(n)))<f(n)’+f(n),vneN" (D).
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Tu (1), thay n=2 ta dugc

(F@)-1) < F(F(2)F(F(F(2))<F(2+1(2)
=4<(f(2)-1) < f(f(2)f(F(f(2)))= f(f(2))=2 diéu nay mau thuan
VGi 1< f(2)f(f(2))<6.Dodo f(2)=2.

Do d6 ta dy doan f(n)=n,vneN". Ta s& chang minh bang phuong phéap
quy nap. Gia st f(1)=1,f(2)=2,.., f(n-1)=n-1. Ta chung minh f(n)=
Vé6i mbi s6 nguyén duong n, dat f (n)=m. Ta xét cac truong hop sau:
Néu m<n-1= f(n) f(f(n))=mf (m)=m?<(n-1)* VO Ii.

Néu f(n)= m>n+1:>(n+l)f( (n))< f(n)f(f(n) )<n +n= f(f(n))<n

f(F(F())=£(F(m)= £ (£(m)-f(£(7(m))=((1()) <r*, kéthop voi
f(f( () (F(m)> <f<n>—> ta duge

>(f(n)- ) f(n)<n+1vo .

Do d6 f(n)=n.Vay f(n)=nvneN.
25.(Balkan MO 2002) Tim tit caham s f:N"— N thoa méan diéu kién

2n+2001< f (f(n))+ f(n)<2n+2002,vneN",
Phan tich loi giai
Néu ta thay n bai f(n) ta duoc
2 (n)+2001< f (f(f(n)))+f(f(n))<2f(n)+2002,vneN" (1).
Bat dang thuc ndy goi cho ching ta dén hudng 1am bang céch sir dung
day lap. Cu thé véi mdi s6 nguyén duong m, xét day s6 (a,) thoa man:
8, =ma =f(a)a,,="f(a)n=0.
Két hop voi (1) ta dugc danh gia sau
2a,+2001<a,,,+a, , <2a,+2002,VheN
a,,—667+2(a,,—a,—667)<1,VneN (2).
Pé don gian ta dat b, =a_—a_,-667,neN". Khi d6 (2) c6 dang:
0<b,,,+2b,<LvneN (3).
Tach b =a —a,—667=f(m)-m-667 nén viéc tim ham s6 f tuong duong
Vvéi viéc tim b,. Ta du doan b, =0, mudn vay ta chi ra truong hop b, >0 va
b <0 khong xay ra. That vay
TH1. b >0=h >1, két hop véi (3) ta duoc:
0<b,+2b <1=Db,<1-2b <-1

Tiép tuc st dung (3) thu duoc

<0<a,,—
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0<b,+2b, <1=>h,>—2b >2
0<b,+2b,<1=>Db, <1-2b,<1-2°
0<b, +2b, <1=b, >-2h, >-2(1-2°)=2°-2
Bang phuong phap quy ta ching minh duoc
b, <1-2“b, ,>2" -2, vkeN (4).
Theo cach dat ¢ trén ta duoc
Doz =0 — 8y — 667
) i Byy11 = Bpyy — 8y —667
Cong tirng ve hai dang thire nay ta dugc
Boio +Boriq =y, — 8y —1334
= 8y, — 8y =by,,+h, , +1334,k eN" (5).
Tu (3), (4) va (5) ta dugc danh gia sau
8y, — 8y S1-by, +1334<1—(2" -2)+1334=1337-2** (6).
Ttr (6) néu lay k =13 ta dugc
Ay <8y, Vk =13
Piéu nay khong xay ra vi day (a,) laday s6 nguyén duong. Suy ra trudng
hop b, >0 khong thoa man.
TH2. b, <0=>b, <1, két hop véi (3) ta duoc:
0<b,+2b <1=b,>-2b >2
Tiép tuc st dung (3) thu duoc
0<b,+2b,<1=>b,<1-2b, <1-2°
0<b,+2b,<1=b, >-2b, >2°-2
0<b, +2b, <1=h <1-2b, <1-2(2°-2)=5-2"<1-2°
Bang phuong phap quy ta chirng minh duoc
b, <1-2" b, >2" -2 vkeN" (7).
Theo cach dat ¢ trén ta duoc
Boyis = Byis — By, —667
) ? Doz = B2 — 8oy —667
Cong tirng vé hai dang thire nay ta duoc
Do +0oin = By — By —1334
= B3~ Byisq = Doys +05,, +1334,k € N’ (8)
T (3), (7) va (8) ta dugc danh gia sau
Byy,5 — By y S1-by,, +1334 <1 (242 - 2)+1334=1337 -2 (9).
Tur (9) néu lay k >13 ta duoc
a2k+3 < a2k+l’ Vk 213
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Diéu nay khong xay ra vi day (a,) laday s nguyén duong. Suy ra trudng
hop b, <0 khong thoa man.
Do d6 chi xay ra truong hop b, =0 hay ta duoc
a,—8,-667=0< f(m)=m+667. Thir lai hAm s6 f(n)=n+667,vneN'
thoa man yéu cau bai toan.

26.(India 2012, Japan 2007) Tim tt ca ham s6 f:(0;+w)—>R thoa man
ddng thoi cac diéu kién sau

f(x)+f(y)< f(X2+ Y) va fix)+ f(yy) > fE(X:yy) V&1 Mol x,y e(0;+0)

Phan tich loi giai
Thay x =y vao cac bt dang thirc ban dau ta dugc

4% (x)< £ (2x) va 2@2%@ f(20) <4f (x)

Tur hai bat dang thic trén ta dugc 4f (x)= f (2x),vx >0 (1)
Tir (1) bang quy nap ta duoc
f (2”x)=4” f(x),vx>0,neN" (2)
Tiép theo nhin vao hai bat dang thic da cho ta c6 the dénh gid f (x+y)
theo hai chiéu nhu sau

Taco f(x)+f(y)§w3f(X+y)22f(X)+2f(y)

va f(X)+ f(y)z f(Xer):>(x+ y)(LX)+MJ2 f(x+y)

X Yy X+Yy X Yy

Tt hai danh gia trén ta thu dugc

(x+ y)[m+M}22f (x)+2f(y)

X y

< f(x)+f(y +yf(x)+xf y)221‘(x)+2f(y)

(
X y
(

f(x)+f(y),vxy>0

%X)Z f(y)[y;yX],w,wo

Néu ta xét x <y thi tir bat dang thirc trén ta thu duoc
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X6t ham sé g(x)=—) x>0, két hop véi (1) ta duoc
X

g(x)=g(y),vy>x>0(4)
Tir cach xac dinh cua ham g va bat dang thire ban dau ta duoc
g(x+y)<g(x)+g(y), vx,y>0(5)

Tu (5) ta duwoc g(nx)<ng(x),vx>0,neN" (6).
(2%)_et(9
2" 2"

:>g(2”x)=2”g(x),Vx>O,neN* (7).
Tur (6) va (7) ta du doan g(nx)=ng(x),vx>0,neN". That vay, véi mdi sb

=2"g(x),vx>0,neN’

Sir dung (2) thu dwoc g(2'x)=

nguyén duong ne N, ton tai s6 nguyén duongm sao cho 2" <n<2". Sir
dung (5), (6) va (7) ta duoc
g(2"x)=2"g(x)=g(2"x+nx—nx)
< g(zmx—nx)+g(nx)= g((Zm —n)x)+g(nx)
<(2"-n)g(x)+ng(x)=2"g(x),vx>0,vneN".
Do d6 tir danh gia trén thi cac bat dang thic trg thanh dang thirc. Do d6
g(nx)=ng(x),vx>0,ne N (8)

27.(Romania TST 2004, Macedonia NMO 2008) Tim tat ca cac ham s6

don anh f:N"— N thoa man diéu kién

f(f(n))sm,VneN*
Phan tich loi gidi
Néu ta thay n boi f(n) ta dugc

F(f(f(n)))< WAL RO

2
Bat dang thuc nay goi cho ching ta dén hudng lam bang céch sir dung
day 13p. Cu thé véi mdi s6 nguyén duong m, xét dy sb (a,) thoa man:
8, =m.a =f(a)a,,="f(a)n=0.
Két hop véi (1) ta dugce danh gia sau

a <a"+1—2+a“,VneN (2)

iz <
Tur bat dang thac (2) ta ¢ a, <max{a,,a},vn>2 (3).

Tur (3) suy ra day so (a,) chi co hitu han céc gia tri khac nhau. Goi y 1a
s6 hang 16n nhat trong cac s6 hang cua day (a, ). Gia st ton tai s6 nguyén
duong k sao cho a, =y, theo (2) ta duogc
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a <222 vk=2-2y<a, +a,, (4)

két hop V6i
2y>a,_,+a_, (5)
T (4) va (5) ta duoc
= ,= ,=Y
Li luan twong tu nhu vay ta duoc
==& ,=...=8, = y
Két hop voi f 1a don 4nh nén a,=a < f(f(n))=f(n)< f(n)=n. Thu
lai thiy théa man. Vay nghiém cta bai toan 1a f (n)=n,vneN".
28.(Iran MO 2009) Co6 ton tai hay khdng hai ham s6 f,g:R —R théa man
diéu kién
[F ()= f(y)+|g(x)-g(y)|>LvxyeR,x=y
Phan tich loi giai
Ta du doan khong ton tai ham sé f,g thoa man yéu cau bai toan.
Gia su ton tai hai ham s6 f,g théa man yéu cau bai toan. Ta s& chung
minh ton tai hai s thyc x,y sao cho ‘f(x)—f(y)‘s%,‘g(x)—g(y)‘s%.
Khi ¢6 méau thuan véi diéu ki¢n bai toan.

Taco R= UB ZTH} Va tap F, {XER“(X) Bzzl}} suy ra R=| JF,.

el e
Do tap R 1 mot tap khong dém duoc va z 1a mot tap dém dugc nén ton
tal z eZ sao cho F, la tap khong dém duoc.

Véi mdi xeF, = g(x)eR= U{Z Z+1} X6t cac tap

GZ={ (X)e{; Zgll} =F, =g,

27
Do tap F, la tap khong dém duoc va Z 12 mot tap dém duogc nén ton tai

z, €7 a0 cho G, latap khong dém duoc.

LAy x,ye G, =xyeF,. Tt cach xac dinh cua F, va G, ta duoc

010 35 o< 3

Suy ra
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1 1
[T 0= F(Y)[+lg()-g(y)f=5+5=1
Mau thuan véi gia thiét bai toan. Vay khong tdn tai hai ham sé f,g thoa
man yéu cau bai toan.
4. PHUONG TRINH HAM SU DUNG GIO1 HAN
29.(Bulgaria 2006) Cho ham sb f :(0;+0) — (0;+e0) théa min diéu kign

f(x+y)-f (x—y):4,/f (x)f(y),Vx>y>0
a) Chang minh rang f(2x)=4f(x),vx>0;
b) Tim tit ca ham sé f thoa man diéu kién da cho.
Phan tich loi giai
Pé chimg minh dang thuc f (2x)=4f(x),Vx>0 ta di theo huéng sau: Ta
s& tinh cac f (nx),n>3 theo f(x), f(2x) sau d6 tim mdt s6 nguyén duong
n ma c6 hai cach biéu dién duoc theo f(x), f(2x). Tir d6 ta s& dugc dang
thirc lién quan gitta f(x) va f(2x). Dé thuc hién dugc diéu nay ta s& lan
lugt tinh f (3x), f (4x), f (5%),...

bat a=f(x),b=f(2x). Khi d6 két hop véi phuong trinh di cho ta co
a+4\/_ b (1)

f(3x+x)—f (3x—x)=4,/f (3 b+4,}a(a+4F) (2)

Cha y ta c6 the viét 5x=4x+x hodc 5x =3x+2x nén ta c6 thé tinh f (5x)
theo hai cach khac nhau

f (4x+x)—f (4x—x) f x) = f (5x) = 3x)+44/f(4x)f(x)
f(5x)=a+4@+4\/a(b+4 a(a+4@)j (3)

f (3x+2x)—f (3x—2x) = \/=:>f 5x)=f (x)+4f (3x) f (2x)
= f(5x)=a+4 b(a+4\/£) (4)

T

f(2x+x 2x x

T (3) va (4) thu duoc
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a+4«/£+4\/a(b+4 a(a+4\/ﬁ)j =a+4 b(a+4«/$)

@@+\/a(b+4\/a(a+4\/£)j =\/b(a+4\/£)

= ab+a(b+4W)+2Jab.a(b+4mj = b(a+4ﬁ)
o a(b+4\/m)+2\/ab.a(b+4\/m) = 4b+/ab

a [(b+4Wj+zJaba(b+4ij} 162
@a((b+4W)+zJaba(b+4W)J 165 (5

+) Néu a<%b thi

((bMW}zJaba(mm)]

oA

vo li vai (5).

+) Néu a>1b thi

[(b+4W)+zJaba(b+4m)]

ol

vo li véi (5).

Do d6 a=4b f(2X)=4f (x), x>0,
b) Tir phuong trinh ban dau ta duoc
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f((n+1)x)-f((n-1)x)=4,/f (nx) f (x),¥x>0,neN,n>1(6)

Két hop véi f(2x)=4f(x),vx>0 va su dung phuong phap quy nap ta
dugc f(nx)=n*f(x),vn=1vx>0 (7).

Tu (7) ta xac dinh dugc f (x) VoI xeQN(0;+0). That vay, trong (7) thay

f(1)= f(n.%j:nzf(%]: f(%]: fn(zl)

V&i mneN" tacd

(BB (2 o (B

Tu (7) suy ra f(r)=r*f(1),vreQN(0;+x0) (8).

X = 1 ta duoc
n

Theo két qua co ban di biét néu c6 dang thuc (8) va ham sd f don diéu
thi ta dugc f(x)=x*f (1), vx e (0;+0). That vay, dau tién ta chi ra ham s6
f don diéu tang. Tir gia thiét ta co

f(x+y)-f (x—y):4,jf (x)f(y)>0,vx>y>0
= f(x+y)>f(x-y),vX ye(0+w0),x>y

Véi u>v>0, ton tai cac s6 duong x>y >0 sao cho {:f:?:
Suyra f(x+y)>f(x-y),vxye(0;+x)
< f(u)> f(v),vu,ve(0;+w),u>v hay ham s6 f dong bién.

Duya theo tinh tri mat cua tap Q trong R ta c6, voi mdi s6 x>0, ton tai
hai day (u,),(v,) hitu ti sao cho (u,) 1a day so ting c6 gii han la x va
(v,) 1a day sé giam c6 gisi han la x.

Ta c6 bat ding thuc sau

u, <x<v,,vneN

= f(u,)<f(x)<f(v,),vneN
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S (U2 < F(x)< f(DVVneN (9)
Ttr (9) chuyén qua gigi han ta duoc
= f (1)x* < f(x)< f(1)x*, vxe(0;+)

= f(x)=f (1)x*, vxe(0;+x). Thir lai ta thay ham f (x)=ax?,vxe(0;+0),
trong do a la héng sd, thda man diéu kién.
30.(Iran MO 2014) Tim tit ca cac ham s6 lién tuc f :[0;+e0) —[0;+0) thoa
min diéu kién
f(xf(y))+f(f(y))="f(x)f(y)+2Vxye[0;+x)
Phan tich loi gidi 7
Thay mdt vai gia tri dac biét caa x,y chang han
V6i x=0 taduoc f(0)+f(f(y))="f(0)f(y)+2Vye[0+x) (1)
V6i x=1 taduoc 2f (f(y))="f(1)f(y)+2,vye[0;+x0) (2)
Tur (1) va (2) dé tim lién h¢ gitra f(f(y)) va f(y) ta can phai tinh dugc
f(0), f(1).
Pé don gian ta dat f (1)=a, f(0)=b.
Trong (1) ta thay y=0 thu duoc
f(0)+f(f(0))="1(0)f(0)+2< f(f(0))=b*-b+2 (3)
Trong (1) tathay y=1 thu duoc
f(0)+f(f(1)=f(0)f(1)+2< f(f(1))=ab-b+2 (4)
Trong (2) tathay y=1 thu dugc
2f(f(1)=1(1) +22f(f(1))=a’+2 (5)
Thay (5) vao (4) ta dugc
a’+2=2ab-2b+4<=a*=2ab-2b+2 (6)
Trong (2) ta thay y=0 thu duoc
2f(f(0))=f(1)f(0)+2<2f(f(0))=ab+2 (7)
Thay (7) vao (3) ta dugc
ab+2=2b"-2b+4 < ab=2b"-2b+2 (8)

2b* —2b +2
b

T (8)suyraa= thay vao (6) ta dwoc phuong trinh sau

2% —2b+2
b

< (202 ~2b+2)" =b?(4b> —6b+6)
< 4b* +4b” +4—-8b° —8b +8b* = 4b* —6b* + 6b?

2
j =4b° —4b+4-2b+2
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<b*-3b°+4b-2=0
< (b-1)(b*~2b+2)=0<b=1=>a=2.Do d6 f(0)=1 f(1)=2.
Thay vao (1) ta duoc
f(f(y))="f(y)+LVye[0+x) (9).
Tir (9) bang phuong phap quy nap ta duoc
f(n)=n+LvneN (10)
Tiép theo ta s& tim f(y) voi y 12 s6 hitu ty duong. Néu tim dwoc nhu
vay thi dwa vao tinh lién tuc caa ham sé ta dugc f(y),ye[0;+).
Tir phuong trinh ban dau ta thay y=neN" ta dugc
f(xf (n))+f(f(n))=f(x)f(n)+2 Vvxe[0;+x)
Két hop véi (10) thu duoc
f(x(n+1))+ f (n+1)=f (x)(n+1)+2,Vx €[0;+)
o f(x(n+1))+n+2: f(x)(n+1)+2,vx [0;+0) (11)

Trong (11) thay x:nil vao (11) thu duoc
+

f(1)+n+2= f(ij(n+l)+2

n+1

S2+n+2= f(ij(n+l)+2

n+1
Qf(i -1
n+1 n+1

Két hop véi f(1)=2 ta dugc

f (1] = 1+1,Vn eN'(12)
n n

Trong (11) thay x= % ,meN" thu dugc

f(”_“j=”_+1+1,VneN*
m m

Két hop véi (12) ta duoc

f (mJ M ivmnen (13)
n) n

Vi mdi s6 thuc x e[0;+w0), ton tai day hitu ti (u,) sao cho limu, =x. Mt
khac, f(u,)=u,+LVneN".

Tur dang thtc trén chuyén qua gii han va dua vao tinh lién tuc ta duoc
lim f (u,)=1lim(u, +1)

= f (limu,)=(limu, +1)
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= f(x)=x+1
Thr lai véi ham £ (x) = x+1x e[0;+0) thoa mén. Vay ham sb can tim Ia
f(X)=x+1xe[0;+x).

5. PON ANH, TOAN ANH VA SONG ANH TRONG CAC BAI TOAN VE
PHUONG TRINH HAM

Mot trong nhiing linh vuc rit quan trong trong toan hoc d6 1a linh
vuc lién quan dén ham sé, c6 thé n6i ham sb xuat hién va déng vai tro
quan trong trong cac linh vuc cta toan hoc nhu: giai tich, hinh hoc, xac
suat, phuong phap tinh, toan ung dung...Trong céc linh vuc lién quan dén
ham s6 thi cac khai niém vé don 4nh, toan anh va song anh déng mot vai
trd rat quan trong. Chinh vi vay ma céc bai toan vé ham sé lién quan dén
song 4nh thuong xuat hién trong hau hét cac dé thi olimpiad cua céc
nuéc, khu vuc va qudc té. Cac bai tap loai nay thuong rat da dang vé
phuong phap giai, vé mac do kho, tinh méi mé. Vi vay dé phan chia
thanh cac dang todn cu thé 1a rat kho khin. Tuy nhién trong bai viét nay
t6i c6 gang dua ra mot s6 bai tap vai mot sé phuong phap giai twong ung.

5.1. Anh xa

5.1.1. Pinh nghia.M¢t anh xqa f tir tdp X dén tdp Y 1a mét quy tdc dat
firong g mai phan ti x cia X véi mét (va chi mgt) phan tiz cua Y. Phan
tir nay dwoc goi la anh cua x qua anh xa fva dwoc ki hi¢u la f(x).

(i) Tap X duoc goi la tap xac dinh cua f. Tap hop Y duoc goi la tap gia tri

cua f.
(ii) Anh xa f tir X d&én Y duoc ki hiéu 1a
f: XY
x>y =f(x)

(iii) Khi X va Y 1a cac tap sé thuc, anh xa f dugc goi 1a mot ham sb xac
dinh trén X

(iv) Cho ae X,yeY.Néu f(a)=y thi tandiy la anh cta a va a 1a nghich
anh cua y qua anh xa f.

(V) Tap hop Y ={yeY|axe X,y = f(x)} goi la tap anh cua f. N6i cach khéc,
tap anh f(X) la tap hop tat ca cac phan tir caa Y ma c6 nghich anh.
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5.2. Pon anh, toan anh, song anh

5.2.1. Pinh nghia.Anh xa f:X >Y dwoc goi la don dnh néu véi
aeX,beX M a=bthi f(a)=f(b), tc 1a hai phan ti phan bigt sé co
hai anh phan biét.

Tur dinh nghia ta suy ra anh xa f 1a don anh khi va chi khi véi ae X,be X
ma f(a)=f(b), ta phai co a=b.

5.2.2. Pinh nghia.Anh xg f:X —>Y duwoc goi 1a toan anh néu véi méi
phan tir yeY déu ton tai mgt phan tir xe X sao cho y= f(x). Nhu vdy f
la toan &nh néu va chi néu Y = f (X).

5.2.3. Dinh nghia.Anh xg f:X —Y duwoc goi 1a song anh néu né vera la
don danh vira la toan dnh. Nhe vay &nh xa f:X —>Y la song anh néu va
chi néu véi méi yeY , ton tai va duy nhat mgt phan tiz xe X dé y=f(x).
5.3. Anh xa nguwoc ciia mdt song anh
5.3.1. Dinh nghia.Anh Xa nguwoc cia f, dwoc ki hiéu béi £, 12 &nh xqa tir
Y dén X gan cho méi phdn tiz yeY phdn tiz duy nhdat xe X sao cho
y = f(x). Nhu vay

fr(x)=ye f(x)=y

5.3.2. Chu y. Néu f khéng phai la song anh thi ta khéng thé dinh nghia
duoc anh xa nguoc cua f. Do d6 chi noi dén anh xa nguoc khi f 12 song
anh.

5.4. Anh xa hop
5.4.1. Pinh nghia. Néu g:A—B va f:B—>C va g(A)< B thi anh xa hop
fog:A—C duoc xac dinh boi

(fo9)(a)="(9(a))

Kihiéu p"=popo..op.
%/_J

31.(IMO 1988). Tim tat ca cac ham f:N"—N" thoa man dang thac:
f(f(m)+f(n))=m+n,
Vi moi mneN”.
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Loi gidgi. Thay m=n vao dang thic trén ta duoc f(2f(n))=2n (1), va tur
dang thac nay ta co:

néu f(n)="(n,)= f(f(n))=f(f(n,))=2n=2n,=n=n, haysuyra f la

don anh.

Tacod 2n=n-1+n+l=n+n=f (f (n-1)+ f (n+1))=f(f(n)+f(n)),vado f

la don 4nh nén f (n-1)+ f (n+1)=2f(n), vn=2 (2).

Tur dang thuac (2) ta co:

f(n)-f(n-1)=f(n-1)-f(n-2)=..=1(2)-f(1)=a,
suy ra
f(n)=f(1)+(n-1)a=an+b; trong d6 b= f(1)-a.

Thay f(n)=an+b vao phuong trinh ban dau ta dugC a=1b=0.

Vay f(n)=n, VneN".

Nhgn xét. Bang cach lam tuong tu bai trén ta giai dugc cac bai tap sau:
32.(Canada 2008). Tim tat ca cac ham s6 f :Q — Q théa man dang thuc:

f(2f (x)+f(y))=2x+y,
Véi moi x,yeQ.

33.(Balkan MO 2009). Ki hiéu N" 1a tap hop cac sé nguyén duong. Tim tat
ca cac ham f:N"— N thoa méan dang thic:

f(£2(m)+2f%(n))=m*+2n%,
V&I moi mneN.
Loi gidgi. Néu m,,m, eN" sao cho

f(m)=f(m)=
f(f2(m)+2f%(n))=f(f?(m,)+2f%(n))=m+2n*=m +2n°, suy ra m =m,
hay f la don anh.

Dé thiy v&i moi neN",n>3 ta co:

(n+2)"+2(n-1)" =(n-2)" +2(n+1)".
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Tur dang thtc két hop véi phuong trinh dé cho ta duoc:
f(f?(n+2)+2f%(n-1))=f(f*(n-2)+2f*(n+1)),

do f la don anh nén ta co6:

f2(n+2)+2f*(n-1)=f*(n-2)+2f*(n+1)(1)

Tur dang thuc (1) ta co:

f2(n+2)-2f*(n+1)+ f°(n)=f*(n+1)-2f*(n)+ f*(n-1)=...=
f2(3)-2f2(2)+ f*(1)=a

= f?(n)-f*(n-1)=f*(n-1)- f*(n-2)+a
f?(n-1)-f*(n-2)=f*(n-2)- f*(n-3)+a

= £2(n)-f2(n-1)= f2(2)- t?(1)+a(n-2)
f

f?2(n-1)-f*(n-2)=f*(2)- f*(1)+a(n-3)
f2(2)—f2(1)="1l‘.2(2)—fz(l)

Cong ting vé caa cac dang thirc trén ta duoc:

a(n-1)(n-2)

()~ 10 =012 1)+ 2

Tur dang thac (2) tasuy ra £2(n) c6 dang:

(2)

f?(n)=bn*+cn+d. 3)
Mt khac phuong trinh ban dau cho m=n ta duoc:
f(3f(n))=3n 4)
Tu (3) va (4) ta thu dugC b=1Lc=d=0.Vay f(n)=n, véi moi neN".

34.(Indonesia TST 2010). X4c dinh tat ca c4c s6 thuc a sao cho c6 mot
ham sé f:R—R thoa man:

x+f(y):af(y+f(x)),
VGi moi x,yeR.
Loi gidi.
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D& thay néu a=0 khong thoa man. Do d6 a=0, thay y=0 vao dang thic
trén ta duoc:

x+f()

f(f(x)= (1)

Tur dang thac (1) suy ra f la mot todn &nh nén ton tai xeR sao cho
f (x)=0. Khi d6 tir phuong trinh ban dau ta co:

x+f(y)=af (y)=x=(a-1)f(y),véimoiyeR (2)

Tur dang thic (2) thi s& xay ra a=1 hoic f (y)=const.

+) Néu f (y)=const thi khong thoa man phuong trinh ban dau.

+) Néu a=1thi lay f(x)=x, v&i moi xeR théa man bai toan. Vay a=1.

35.(MEMO 2009). Tim tit ca cac ham sé f :R — R thoa mén dang thuc:
FOE(v)+ F(F )+ F(y) =y (x)+F (x+ £ (y)),

Vi moi x,yeR.

Loi gidi
+) Néu f (x)=0 v&i moi xeR, thir vao phuong trinh da cho ta thay thoa
man.
+) Néu ton tai acR sao cho f(a)=0. Khi d6 véi v, y, eR sao cho

f(y,)=f(y,), tr phuong trinh trén thay x bdi a va y lan luot boi vy, y,
ta duoc:

f(af (y,))+f(f(a)+f(v))=y.f(a)+f(a+f(y)) (1)
va
f(af (y,))+f(f(a)+f(y,))=Vv.f(a)+f(a+f(y,)) (2.
Tu (1) va(2) taduogc y,f(a)=y,f(a)=y, =Y,. Vay f la mot don anh.

Thay x=0y=1 vao phuong trinh ta duoc:
f(0)+f(f(0)+f(1)="f(0)+f(f(1) ,su dung f la don 4nh ta duogc
f(0)=0.

Mat khac thay y =0 va phuong trinh va str dung f (0)=0 ta duoc:
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f(xf (0))+f(f(x)+f(0))=0.f(x)+f(x+f(0))
o f(f(x)=f(x)e f(x)=x, VvxeR
Vay f(x)=0,vxeR hoac f(x)=xVxeR.
36.(IMO Shortlisted 2002). Tim tat ca cac ham sd f:R —»R théa man diéu
kién:
f(f(x)+y)=2x+f(f(y)-x),
Vol moi x,yeR..
Lai giai.
+) Ta chung minh f la toan anh. That vay, thay y=-f(x) vao phuong
trinh ban dau ta dugc:

f(0)=2x+f(f(=f(x))=x)e f(f(=f(x))-x)=f(0)-2x,
suy ra f latoan anh.
+) Do f latoan anh nén ton tai acR sao cho f(a)=0.

+) Thay x=a vao phuong trinh ban dau ta duoc:
f(y)=2a+f(f(y)-a)e=f(f(y)-a)+a="f(y)-a (1)
+) Do f latoan &nh nén véi moi xeR ton tai yeR sao cho x+a=f(y).

Do d6 tir dang thie (1) ta thu dugc: x= f(x)+ae f(x)=x-a, VxeR.
Tht lai ta thay thoa mén diéu kién. Vay f (x)=x-a.

37.(France 1995). Cho ham s6 f:N"—N" la mot song anh. Chiing minh
raing ton tai ba s& nguyén duong ab,c sa0 cho a<b<c Vva
f(a)+ f (c)=2f (b).
Ta s& chiang minh bai toan tong quat hon bai toan trén.

38.(Mé réng France 1995)Cho ham sé f:N"—N" 1a mét song anh. Chutng
minh riang ton tai bon sé nguyén duong a,b,c,d sao cho a<b<c<d va
f(a)+f(d)=f(b)+f(c).
Loi gidi.

Do f 1a mot song anh tir N* dén N° nén ton tai n sao cho (1)< f(n).
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M={neN:f(1)<f(n)} 12 tap con khac rong ciia N'nén ton tai phan t
nho nhat caa M, ki hiéu 1a b, b>1 va f()> (). Goi ¢ 1a phan ta nho
nhit cua tap M \{b}, ki hiéu la ¢, 1<b<c va f(c)> f(1). Tu f 1a song anh
nén ton tai d e N* sao cho f(d)=f(b)+ f(c)— (D).

Tu déng thirc trén suy ra f(d)= f(b), f(d)= f(c)=d>c>b>1. Do
d6 tdn tai a,b,c,d e N sa0 cho a=1<b<c<d VA f(a)+ f(d)=f )+ f(c).

6. MOT SO PHUONG TRINH KHAC

39.(ELMO Shortlisted 2013) Tim tat ca cac ham s6 don anh f,g,h:R >R
thda man cac diéu kién

Fx+ T (y)=9(x)+h(y)
9(x+g(y))=h(x)+f(y)
h(x+h(y))=f(x)+g(y).¥x,y,zeR

Phén tich Ia‘qi gidi
Ta c6 cac dang thic sau

f(x+ f(y)=a(x)+h(y) (1)

g(x+9(y))= ( )+f( ) (2)

h(x+h(y))=f (y),vx,yeR (3)
Ta cht y dén diéu kién f,g,h 1a dO’n anh va dé str dung tinh chat nay ta
can tim mot dang thac dang f(a)=f(b) dé tir 46 suy ra a=b. Dé xay
dung dang thirc dang f(a)=f(b) ta can két hop ba dang thuc (1), (2) va
(3), chang han nhu:
Trong (1) tathay x bdi x+g(y) va y béi z khi d6 thu dugc
f(x+g(y)+f(z))=9(x+g(y))+h(z).
Tir dang thic ndy st dung (2) ta dugc:
f(x+g(y)+f(z))=h(x)+f(y)+h(z).
Tl dang thtrc nay dé st dung (3) ta thay x bdi t+h(x) thu dwoc
f(t+h(x)+g(y)+f(z))=h(t+h(x))+ f (y)+h(z)
< f(t+h(x)+g(y)+f(z))=f(t)+g(x)+ f(y)+h(z) (4).
Ta nhan thay trong (4) d6i vai trd caa y cho t ta thay vé phai caa (4)
khong thay doi nhung vé trai sé 1a f(y+h(x)+g(t)+f(z)). Tir do ta duoc
dang thue
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f(t+h(x)+g(y)+f(z))=f(y+h(x)+g(t)+f(z)), két hop véi f 1a don
anh ta duoc
t+h(x)+g(y)+f(z)=y+h(x)+g(t)+f(2)
<t+g(y)=y+9(t),vy,teR (5).
Trong (5) ta thay t=0 ta duoc g(y)=y+9g(0),vy eR. Hoan toan tuong tu
taco f(y)=y+f(0),vyeR, h(y)=y+h(0),vyeR. Thir vao cac phuong
trinh (1), (2) va (3) ta duoc

x+y+2f(0)=x+9g(0)+y+h(0)

2h(0)=f(0)+g(0)
Vay cac ham sb phai tim 13 f (x)=x+a,9(x)=x+a,h(x)=x+a,vxeR.
40.(Middle European Mathematical Olimpiad 2012, KoMal — A328) Tim
tit ca cac ham sb don dnh f :(0;-+00) — (0;+00) thoa man dicu kién
f(x+f(y))=yf (xy+1),Vxye(0;+)
Phan tich loi giai
Thay y=1 vao phuong trinh ban dau ta duoc
f (x+ f (1)): f (x+1),Vx (0;+o0)
Tir dang thirc nay ta hudng dén viéc chi raham sé f 1a don anh hoic chi
ra ham s6 nay 1a don diéu. Dé chi raham sé f c¢d mot trong cac tinh chat
d6 ta 1am nhu sau: 14y hai s6 phan biét a,b>0, ta can so sanh f (a), f (b).
Tir phuong trinh ban dau ta dugc
f(x+f(a))=af (ax+1),Vx & (0;+)
f (y+ f(b))=bf (by+1),vy(0;+o)
Ta s€ chon x,y sao cho
{x+ f(a)=y+f (b)@{X— y+f(b)-f(a)
f

1+ax=1+hy 1+a(y+f(b)-

x=yif(b)-T(a) |x-2LT(@)=1(0)
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Do x,y>0 nén néutacd a>b>0 thi viéc chon duoc x,y >0 chi lam duogc
khi f(a)> f (b).
Tt phén tich & trén ta thay véi a>b>0. Khi dé néu f (a)> f (b) thi véi
cach chon x,y nhu trong (1) ta duoc
{x+ f(a)=y+f (b):{f (x+f(a))=f(y+f (b))
1+ax=1+by f (1+ax)=f (1+by)
af (1+ax) =bf (1+by)
{f (1+ax)=f (1+by)
Do d6 néu a>b thi f(a)< f(b) (2).
Tiép theo ta tinh £ (1).
*)f(1)>1,taco f(x+f(1))="f(x+1),vxe(0;+o)
= f(x)=f(x+f(1)-1)= f (x+m),vxe(L+e), trong d6 m= f (1)-1>0
= f (x)=f (x+km),vxe(L+x),VkeN" (3).
Véi mdi s6 thuc y > x thi ton tai s6 nguyén duong k sao cho x <y < x-+km
, két hop véi (2) va (3) ta co:
f(x)>f(y)=>f(x+km)= f(x)=f(y)=f(x+km)=f laham s6 hang trén
(L, +00) diéu nay khéng xay ra do phuong trinh ban dau.
*) f (1) <1 twong ty khong thoa man.
Do do f(1)=1.

—a=b voli.

Xét y>1vachon x :1—% thay vao phuong trinh ba dau ta dugc

1

f{f(y)+1—§j=yf(Y) (4)

Néu yf (y)>1e f(y)—%+1>1:> f(f(y)—%ﬂ)g f(1)=1 diéu nay mau
thuan véi (4).
Néu yf (y)<1e f(y)—%+l<1:> f[f (y)—%+1jz f(1)=1 diéu nay mau
thuan véi (4).

Suy ra f(y) :%,Vy >1, két hop véi phuong trinh da cho ta duoc nghiém

la f(y)= % vy >0.Thur lai thay thoa man phuong trinh da cho.

41.(ELMO Shortlisted 2010) Tim tat ca ham s f:R—R thoa man diéu
kién
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f(x+y)=max{f(x),y}+min{f(y),x},vx,yeR.

Phan tich loi giai
Khi lién quan dén ki hiéu max{x,y},min{x,y} ta nén cha y dén ding thac
Sau
eyl e yl-bx-yl

2
Dya vao hai dang thac trén ta c6 thé viét lai phuong trinh ban dau vé
dang

max {, y} ,min{x, y}

100311 ()] |1 ()X ()
2 2
Ddi vai trd cia x cho y trong (1) thu duoc

1)l () [Ty -y

f(x+y)= VX, yeR (1)

f(y+x)= > - Ux,yeR (2)
Tur (1) va (2) ta dugc
[F OO+ T C)-y] [T ) +x=[F (v)=x] _|f (y)+x]+]f (v)-X
2 2 2
+‘f(x)+y‘;‘f (X)_y‘,VX,yeR

o|f(x)-y|=|f(y)-x . vx,yeR (3)

Thay x=y vao phuong trinh ban dau ta dugc

f (2x)=max{f (x),x}+min{f(x),x} vxeR

= f(2x)=x+f(x),¥xeR (4)

Trong (3) tathay y=2x va sir dung (5) thu dugc
‘f(X)—ZX‘=‘f(2X)—X‘,VXER

o|f(x)-2x]=|f (x)+x-x, vxeR

@‘f(X)—ZX‘=‘f(X)‘,VXER

@(f(x)—Zx)Z: f(x),vxeR

< x(f(x)-x)=0,vxeR (5)

Tu (5)tacod f(x)=xvx=0. Tiép theo tatinh f(0). Xét x=0, thay y=—x
vao phuong trinh ban dau thu duoc

f (0+0) =max{x,—x}+min{x,x},vx 0

= f(0)=0, két hop Voi f(x)=x,vx=0 ta dugc f(x)=xvxeR. Thu lai
thay thoa man.
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7.BAI TAP APDUNG ‘

42.(TST VietNam 2014)Tim tat ca cac ham f :Z — 7 thoa man diéu kién:
f(2m+f (m)+f(m)f (n))=nf (m)+m,vGi moi mnez.
43.(IMO 2015)Tim tit ca ham s6 f:R — R thoa man diéu kién
f(x+f(x+y))+f(xy)=x+f(x+y)+yf(x),vx,yeR

44.(IMO 2013) Ki hiéu @, 1a tap hop céac sé hitu ty duong. Cho ham sb

f:Q., >R théa man dong thoi ba diéu kién sau:

a) f(x)f(y)=f(y),vxyeQ.,;

b) f(x+y)=f(x)+f(y),vxyeQy;

c) Ton tai so hituti a>1 sao cho f(a)=a.

Chung minh rang f (x)=x,vxe Q..

45.(ELMO Shortlisted 2013)Tim tat ca cac ham sb toan anh f:N" >N

thoa man diéu kién sau

nf (f(n))=f(n)" vneN’

46.(Czech — Polish - Slovakia 2012)Tim tat ca ham s6 f:R —R thoa man

diéu kiéen

f(x+f(y))—f(x)=(x+f (y))4—x4,Vx,yeR
47.(EGMO 2012) Tim tat ca ham s6 f :R —R thoa man diéu kién
f(yf (x+y)+ f (X)) =4x+2yf (x+y),vx,yeR

48.(Iran MO 2015) Chtng minh rang khdng ton tai cac ham sé f,g:R >R

thoa man diéu kién

f(x2+g(y))— f (x2)+g(y)—g(x)32y,VX,yeR va f(x)=x* vxeR
49.(Iran MO 2013)Tim tat ca ham sé f:R — R thoa mén diéu kién
f(0)eQ, f (x+ f (y)z): f (x+y)2,VX,yeR

50.(ELMO Shortlisted 2013) Tim tat ca ham s6 f:R—R thoa min diéu

Kién

f(x+y)=f(x)+f(y), f(x")=1(x)", vx,yeR

51.(Iran TST 2014)Tim tat cd ham s6 f :(0;+00) —(0;+00) thoa man dicu

kién
f[f(xyu)}f[x?fyl)} H) =0

52.(ELMO Shortlisted 2012) Tim tat ca ham s6 f:Q—R thoa min diéu
Kién

65



f(x) f(y)f(x+y)="f(xy)(f(x)+f(y)) vxyeQ.
53.(Iran TST 2013)Cho ham s6 f :Z — Z thoa mén diéu kién
f(m)+f(n)+f (f (m2+n2))=1,Vm,neZ
Gia str ton tai a,beZ sao cho f(a)- f(b)=3. Chiing minh ton tai cac sb
nguyén c,d e Z sao cho f(c)-f(d)=1.
54.(ELMO Shortlisted 2011) Tim tat ca ham s6 f :(0;+w0)— (0;+w0) thoa
man diéu kién néu a>b>c>d >0 va ad =hc thi
f(a+d)+f(b—c)="f(a—-d)+f(b+c)
55.(France TST 2007) Tim tat ca cac ham s f :Z — Z théa man diéu kién
f(x—y+f(y))="f(x)+f(y).vxyeZ
56.(Turkey NO 1995) Tim tat ca cac ham s toan anh f :N"— N thoa man
diéu kién sau
f (m)| f (n) khi va chi khi mn véi moi m,neN’
57.(Romania TST 1997) Tim tat ca cac ham s6 f :R —>[0;+o0) théa man
diéu kién
f (x2 + yz): f (x2 —y2)+ f(2xy),vx,yeR
58.(Macedonia MO 2006) Tim tat ca cac ham s6 f :R — R thoa mén diéu
kién
F(XC+y°)=xf (x)+ ¥ (y*), v, yeR
59.(British MO 2009) Tim tat ca cac ham s f : R — R thoa mén diéu kién
f (x3)+ f (y3):(x+ y)(f (x2)+ f (yz)— f (xy)),Vx,yeR
60.(India 2005) Tim tit ca cac ham sé f : R — R thoa man diéu kién
f(X°+ Y (2))=xF (x)+2f (y),vx,y,2€R.
61.(India 2015) Tim tit ca cac ham sd f : R — R thoa man diéu kién
f(X°+yF(X))=xF (x+Y),vx,y eR.
62.(USA MO 2000) Chitng minh rang khéng ton tai ham sé f:R —»R thoa
mén diéu kién

)+ 1 (y)Z f(x+yj+|x—y| vx,yeR
2 2 o '

63. (CZech 2006). Tim tit ca cac ham f :Z —Z thoa mén diéu kién:
f(f(x)+y)=x+f(y+2006),voi moi x,yeZ.
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64.(Rumani 1988). Cho f:N"—»N" la mot toan anh va g:N" > N" la mét
don 4nh sao cho v&i moi sb nguyén duong n ta co f(n)>g(n). Chuang
minh rang f =g.
65.(IMO Shortlist 1995). Chttng minh ring tén tai mot va chi mot ham sé
f :N" — N"sao cho véi moi s6 nguyén duong m,n ta co:
f(m+f(n))=n+f(m+95).
Tinh tong lzg: f (k).
k=1
66.(Olimpiad Ao — Balan 1997). Chang minh rang khong ton tai ham sé
f:7 7 sa0 cho v&i moi s6 nguyén x,y ta co f(x+f(y))="f(x)-y.
67.(Morocco 2011). Tim tat ca cac ham s6 f :R — R thoa mén diéu kién:
(x=2) f(y)+f(y+2f(x))=f (x+yf(x)),véi moi x,yeR.
68.(IMO Shortlist 2007). Tim tit ca c4c ham s6 f:R* —R* thoa mén diéu
Kién:
f(x+f(y))="f(x+y)+f(y),voi moi x,yeR".

69.(Macedonia NMO 2007). Cho n la mét s6 tu nhién chia hét cho 4. Xéc

dinh s6 song anh f:{1,2,...n} »{1,2,...,n}sao cho:
f(j)+f*(j)=n+1,véi moi j=12,.,n.

70.(APMO 1989). Cho ham sb f ting thuc su , nhan gié tri thuc trén tap
cac s thuc. Gia sir ton tai ham nguoc . Tim tit ca cdc ham sé f nhu
thé sao cho f (x)+ f*(x)=2x, véi moi sb thuc x.

71.(Shortlist 1996). Cho U la mét tap hop hitu han va cho f,g la cac toan
anh tr U vao U . bat
s={ocu:1(1(e)=9(g(e))} T={oecu:f(g(e))=g(f ()},
va gia sir U =SUT. Chting minh rang véi weU , f (w)eS khi va chi khi
g(w)eS.

72.(IMO Shortlist 2009)Tim tat ca cac ham s f:R—R théa min diéu
Kién:

f(xf (x+y))=f(yf(x))+x*, véi moi sb thuc x va y.
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Phan 3. PHAN KET LUAN

1. Nhitng két luan quan trong nhat vé ni dung, y nghia khi thuc hién
chuyén dé

Trong chuyén dé “Phwong trinh ham qua céc ki thi olimpic toan”
chung t6i d3 dua ra (ng dung quan trong nhat cua mot sé dang toan
phuong trinh ham nhu phuong trinh ham Cauchy, phuong trinh ham su
dung tinh don anh, toan anh va song anh, phuong trinh ham st dung tinh
chét sb hoc, bat phuong trinh ham... va mot s6 ung dung khac. Chuyén
dé c6 phan tich kha day du va chi tiét phuong phap va cach thuc &p dung
cac kién thuc lién quan trong viéc giai cac bai toan, dic biét trong mot sé
bai str dung tinh chat s6 hoc. Chuyén dé nay chung toi cling da cap nhat
va tong hop nhitng dang toan mai nhat trong céc ki thi Olympiad cua cac
nuéc, khu vuc va quéc té vé chu dé phuong trinh ham. Hé thong céc bai
tap dua ra theo thr ty tang dan do khé dé ngudi doc thiy dugc tng dung
dic biét ciing nhu hudng tu duy co lién quan dén van dung kién thic
cling nhu két hop cac thao tac tu duy khiac nhau dé giai toan. Trong
chuyén dé nay c6 nhitng bai tap rat kho dé dua ngay ra duogc hudng giai
ma phai trong qua trinh dac biét hda bai toan, tinh toan & céc tinh huéng
don gian, dong thoi thong qua cac thao tac tu duy do giup gido vién dinh
huéng twong ddi rd rang cach giai cho hoc sinh. Céc bai tap c6 loi giai la
nhitng bai tap dic trung nhat cho cic dang toan vé phuong trinh ham
trong cac ki thi gan day va da so trong cac bai tap nay la cac bai tap kho
hoic rat kho (theo y kién cua tac gia), cac bai tap nay ph hop véi nhiing
budi day vé phuong trinh ham cho hoc sinh d6i tuyén du thi hoc sinh gioi
qudc gia. Trong phan bai tap 4p dung (khéng c6 1oi giai) ching tdi ciing
d4 chon loc tir tit ca cac cudc thi, cac bai tap nay c6 thé c¢é nhiing 10i giai
khac nhau. Hy vong rang chuyén dé “Phuong trinh ham qua cac ki thi
olimpic to4n” nay s& gop mot phan nhoé vao qué trinh giang day boi
dudng doi tuyén phan phuong trinh ham va rat mong nhan duogc nhiing y
kién dong gop cia cac dong nghiép dé chuyén dé dugc hoan thién hon.
2. Cac dé xuit va kién nghi dwee dé xuit, rat ra tir chuyén dé

Pé giang day cd hiéu qua phan phuong trinh ham gi4o vién can
trang bi cho hoc sinh nhiing kién thic nén tang cua tat ca cac mang dai
s6, giai tich va s6 hoc c6 lién quan. Déi vai hoc sinh 16p 10 gido vién can
giang day day du va chi tiét cac chuyén dé vé phuong trinh ham don gian
nhat dé hinh thanh théi quen ciing nhu cac thao tac tu duy cua mdn hoc,
theo chlng t6i cd thé chon ra mot s6 cudn sach dé giang day nhu: phuong
trinh ham cua tac gia Nguyén Trong Tuén, Functional Equations cua tac
gia B J Venkatachala...
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Dé giang day hiéu qua nhit phan phuong trinh ham thi gi4o vién
nén chon cac vi du phu hop nhét va phan tich chi tiét cho cac em céch st
dung cac kién thic lién quan, cach du doan tinh chit dic trung va tai sao
lai str dung céc tinh chat d6 trong tinh hudng nhu vay. Hoc sinh thudng
gap kho khin trong cac bai toan phai sir dung dén kién thirc vé sé hoc, dbi
vé6i cac dang todn nay gi4o vién can hé théng nhitng kién thirc sé hoc nao
hay gap nhat trong cac bai toan vé phuong trinh ham va can trinh bay cho
cac em cac ham sé hoc dic trung ciing nhu céc tinh chat s6 hoc cua cac
ham sé nay.
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KET THUC CHUYEN DPE
Vén dé& moi/cai tién chuyén dé dat ra va giai quyét so voi cac chuyén dé
trude day (& trong nha trudng hoic trong tinh hoac trén toan qudc):

Chuyén dé nay duoc hinh thanh trong SUot nhirng nam giang day phan
phuong trinh ham cho cac 16p chuyén toan: nam dugc diém manh va d1em
yéu cua hoc sinh dong thoi xay dung duoc hé théng bai tap theo cac cap do
khac nhau trong tung giai doan hoc tap cua hoc sinh. Toi c6 thé khang dinh
rang viéc giang day tét phan phuong trinh ham s& c6 tac dung tét d6i voi
viéc bdi dudng hoc sinh gioi du thi cac cdp. Chuyén dé nay ciing duoc ké
thira va phat huy tét nhét so véi cac chuyén dé cling vé cha dé nay, ddng thoi
chuyén dé nay ciing di dua ra hé thong bai tap tuong dbi cap nhat caa cac ki
thi hoc sinh gioi trén thé gisi va da s6 1a céc bai tap kho va rat hay. Cach giai
quyet van dé trong chuyen dé nay duoc dua ra theo phuong hudng cing nhu
yéu cau dit ra trong cé4c Ki thi hoc sinh giéi nhimg nim gan day.
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